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TRACES OF INTERTWINERS FOR QUANTUM AFFINE sl 2 AND 
FELDER-VARCHENKO FUNCTIONS 

YI SUN 


Abstract. We show that the traces of f/q(s( 2 )-intertwiners of [ESV02] valued in the three-dimensional 
evaluation representation converge in a certain region of parameters and give a representation-theoretic 
construction of Felder-Varchenko’s hypergeometric solutions to the q-KZB heat equation given in [FV02]. 
This gives the first proof that such a trace function converges and resolves the first case of the Etingof- 
Varchenko conjecture of [EV00]. 

As applications, we prove a symmetry property for traces of intertwiners and prove Felder-Varchenko’s 
conjecture in [FV04] that their elliptic Macdonald polynomials are related to the affine Macdonald poly¬ 
nomials defined as traces over irreducible integrable U q ( 5 ( 2 )-modules in [EK95]. In the trigonometric and 
classical limits, we recover results of [EK94, EV00]. Our method relies on an interplay between the method 
of coherent states applied to the free field realization of the q-Wakimoto module of [Mat94], convergence 
properties given by the theta hypergeometric integrals of [FV02], and rationality properties originating from 
the representation-theoretic definition of the trace function. 


Contents 

1. Introduction 1 

2. The trace function for U g (s[ 2 )-intertwiners 5 

3. The Felder-Varchenko function 9 

4. Free field realization and g-Wakimoto modules for U q {s\ 2 ) 15 

5. Contour integral formula for the trace in the three-dimensional representation 20 

6. The classical limit 33 

7. The trigonometric limit 39 

8. Symmetry of the trace function 41 

9. Application to affine Macdonald polynomials 42 

Appendix A. Elliptic functions 48 

Appendix B. Computations of vertex operators, OPE’s, and one loop correlation functions 50 

References 56 


1. Introduction 

The present work connects two approaches for studying a family of special functions occurring in the study 
of the g-KZB heat equation, one originating in the representation theory of quantum affine algebras and 
one in the theory of theta hypergeometric integrals. In [ESV02], Etingof-Schiffmann-Varchenko showed that 
certain generalized traces for {7 g (g)-representations solve four commuting systems of difference equations: the 
g-KZB, dual g-KZB, Macdonald-Ruijsenaars, and dual Macdonald-Ruijsenaars systems. In [FTV97, FTV99], 
Felder-Tarasov-Varchenko constructed solutions to the g-KZB and dual g-KZB systems in terms of certain 
theta hypergeometric integrals which we term Felder-Varchenko functions. The general philosophy of KZ- 
type equations predicts that these two families of solutions should be related by a simple renormalization, 
and this was conjectured by Etingof-Varchenko in [EV00, ESV02, EV05]. In the trigonometric and classical 
limits, the Etingof-Varchenko conjecture was verified for the s^-case in [EK94, EV00, ES01, EV05, SV07]. 

In this paper, we show that the traces of U 9 (sl 2 )-intertwiners of [ESV02] converge in a certain region 
of parameters and give a representation-theoretic construction of the Felder-Varchenko functions for the 
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three-dimensional evaluation representation of U q (sl 2 ). This gives the first proof that such a trace function 
converges and resolves the first case of the Etingof-Varchenko conjecture. As applications, we prove a sym¬ 
metry property for traces of intertwiners and prove Felder-Varchenko’s conjecture in [FV04] that their elliptic 
Macdonald polynomials are related to the affine Macdonald polynomials defined as traces over irreducible 
integrable U q (s^)--modules in [EK95]. We take the trigonometric and classical limits explicitly and recover 
results of [EK94, EVOO], 

Our method relies on an interplay between the free field realization of the g-Wakimoto module of [Mat94] , 
convergence properties given by the theta hypergeometric integrals of [FV02], and rationality properties 
originating from the representation-theoretic definition of the trace function. We apply the method of 
coherent states to the q -vertex operator expression for the C/ g (sl 2 )-intertwiner to express its trace as a formal 
Jackson integral of iterated contour integrals. Evaluation and a non-trivial manipulation of the resulting 
integrals allows us to identify the Jackson integral with a renormalization of the Felder-Varchenko function 
and therefore prove that the trace function converges. 

Our work is motivated by Felder-Varchenko’s conjecture in [FV01, FV02] that their functions satisfy the 
g-KZB heat equation, an integral equation which endows them with a SL(3 , Z) modular symmetry. Felder- 
Varchenko proved their conjecture by hypergeometric integral computations only in two special cases. In 
future work, we hope to apply and extend the representation-theoretic understanding of the Felder-Varchenko 
functions provided by this work to show that all Felder-Varchenko functions satisfy the g-KZB heat equation 
and prove the Felder-Varchenko conjecture. 

In the remainder of this introduction, we state our results more precisely and give some additional moti¬ 
vation and background. For convenience, all notations will be reintroduced in full detail in later sections. 

1.1. Trace functions for (sI 2 ) - We define now the trace function for U q (s [ 2 ) valued in the irreducible 
three-dimensional representation which appears in our main results. A more general definition appears 
in Section 2. For a weight p and level fc, let be the Verma module for U q (sl 2 ) with highest weight 
pp+kAo and highest weight vector v Let p and k be generic and £ 2 ( 2 ) be the evaluation representation of 
U q ( s^) corresponding to the 3-dimensional irreducible representation of U q { 5 ( 2 ). For wq £ L- 2 [0], by [EFK98, 
Theorem 9.3.1] there is a unique {7 g (sl2)-intertwiner 

• ^n,k —t 

which satisfies 

®™%( z ) v v,k = W.fe ® wo + (1-o.t.), 

where (l.o.t.) denotes terms of lower weight in the first tensor factor. Define the trace function by 

T w °(q, A,u,p, k) := Tr| M(M _ 1)p+(fe _ 2)Ao (^\ k _ 2 (z) g^VW), 

where we treat the trace as a C-valued function via the identification L 2 [0] ~ C • wq and we remark that the 
expression is independent of z. 

In [ESV02], it was shown that T w °(q, A,w, p,k) satisfies two commuting systems of infinite difference 
equations in (A,w) and (p 7 k), the Macdonald-Ruijsenaars and dual Macdonald-Ruijsenaars equations. It 
was further shown that a generalization of T w ° (g, A, w, p, k ) valued in the tensor product of multiple repre¬ 
sentations satisfies the g-KZB and dual g-KZB equations, which are difference equations in A and p. 


1.2. Felder-Varchenko functions. The other key object in the present work is the Felder-Varchenko func¬ 
tion, which we again define for the three-dimensional representation here, leaving a more general definition 
to Section 3. In the region of parameters 

M,r 2 fe l,k- 2 W I<1, 


define the Felder-Varchenko function as the theta liypergeometric integral given by 


u(q, A, w, p, k) := g V A M 2 

where the phase function is 


c t 


dt 

2nit 


-n q 2(t;q-^,q- 2k ) 


- 2 k, 0 O (tq^;q- 2k ) e 0 (tq 2X ; q~ 2 “) 


n a (z;r 7 p) := 


(A 


9o(tq~ 2 ; q~' 2k ) d 0 (tq~ 2 - 7 q~ 2u ) ’ 
r,p)(z~ 1 a^ 1 rp-, r,p) 


(za-,r,p)(z 1 arp-,r,p) 
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the theta function is 9o(u;q) := (u; g)(u _1 g; g), the single and double g-Pochhanuner symbols are (u; g) := 
n„> 0 (l — u< l n ) an d (w;g,r) := n nm >o(l — uq n r m ), and the contour C t is the unit circle. Away from this 
region, u is defined by analytic continuation and extends to a function on the region of parameters satisfying 
|g- 2 “| ^ 1 and |g- 2fe | ^ 1. 

In [FV02], the function u was shown to be a projective solution to the g-KZB heat equation, an integral 
equation which is the difference analogue of the KZB heat equation and endows the functions u with a 
SL(3 1 Z)-modular symmetry. In [FTV97, FTV99], generalizations of u valued in the tensor product of 
multiple representations were shown to satisfy the g-KZB and dual g-KZB equations. 


1.3. Statement of the main results. Our main result links the trace function T u ’°(g, A, w, /x, k) to the 
Felder-Varchenko function in a certain region of the parameters g, g -2/ \ g~ 2A , g _2 “, and g -2fc . We term this 
region the good region of parameters and define it as the region where the parameters satisfy 

(5.1) 0 < |g -2tJ | < |g" 2 H < |g _2A | < |g _2fc | < |g|, |g| _1 - 

We show that the trace function converges and admits an integral formula on this region of parameters. 


Theorem 5.1. For q 2/i and then q 2u sufficiently close to 0 in the good region of parameters (5.1), the 
trace function converges and has value 


T w °(q, A, w, /i, k) = 


gA/i—A+2(^—4. q —2uj) 


(g 2fc ;g 2 fc )(g 4 g 2k ;q 2k ) 


9o(q 2X ;q~ 2u> 


^q2\-2q-2ui- q-2ui'j(q-2\-2- q-2ui'j (^-2/4+2. q-2k\tq2fi+2q-2k . g-2 fc ) 

dt 


(g- 2 "+ 2 ;g- 2 ",g ~ 2fc ) 2 

(^q-2ui-2. q- 2o) ) q-2k^2 


— 2 u „- 2 k, 0 o(tq 2/i ;g 2k )e 0 (tq—,q 


,2A. „— 2co \ 


2nit 


nAt ]q - 2 “,q- 2k ) 


d 0 (tq- 2 ;q~ 2k ) 


Oo(tq- 2 ;q~ 2u> ) 


where the integration cycle C t is the unit circle. 


Corollary 5.12. For q 2ai and then q 2 “ sufficiently close to 0 in the good region of parameters (5.1), the 
trace T u ’°(q, A, w, p,, k) is related to the Felder-Varchenko function by 


T w ° (g, A, u>, p,, k) 


g-^+ 4 (g- 4 ;g- 2aj ) 

9 0 {q 2X ; g- 2 -)(g2A- 2 g- 2 -; g-2u)( g -2A-2. g -2u) 

(g- 2 -+ 2 ;g" 2 -,g - 2fe ) 2 (g" 2fc ; g- 2 fc )(gV 2fc ; g" 2fe ) 

(^q-2ui-2. q-2ui q-2k^2 fq-2/1+2. q-2k^q2)j,+2q-2k. q-2k^ U> ' ViK) 


Remark. Together Theorem 5.1 and Corollary 5.12 form the quantum affine generalization of [EVOO, ESV02, 
EV05, Theorem 8.1] and resolve the first case of Etingof-Varchenko’s conjecture from [EVOO]. Further, The¬ 
orem 5.1 gives the first proof that a trace function for the quantum affine algebra is analytic, as conjectured 
in [ESV02, Remark 1]. 1 


We obtain also a symmetry property for a renormalization of the trace function motivated by representa¬ 
tion theory. Define a normalized trace by 

T w °(q, A, W, k) := Tv\ M _ p _ 2Ao (g 2A ^+ 2 “ d )- 1 T^(g- 1 , -A, -w, yu, k), 

where we interpret T“°(g , — A, — w,/z, k) via the quasi-analytic continuation of T w °(q, A, w, /z, k) to the 

region \q~ 2ul \ < 1 and |g -2fc | > 1. By this, we mean that the coefficients of T w °(q, A, w, n, k) as a for¬ 
mal series in q~ 2uj converge to rational functions in q~ 2 ^ and q~ 2k for |g -2fc | < 1 and |g~ 2At | < 1, and 
T“’°(g _1 , —A, —w,/r, fc) is interpreted by evaluating the same rational function coefficients in the region 
|g -2fc | > 1 and |g^ 2M | < 1. We show the following symmetry property for the renormalized trace. 

Theorem 8.1. The function T w °(q,X,u},ii,k) is symmetric under interchange of (A,w) and (/z,fc). 

Remark. Theorem 8.1 is the generalization to the quantum affine case of the symmetry of [EVOO, Propo¬ 
sition 6.3]. In our setting, an additional difficulty which does not arise in the trigonometric limit is the 
necessity of introducing quasi-analytic continuation. We expect the other symmetry of [EVOO, Theorem 1.5] 
to generalize to our setting as well. 


^Integral formulas for traces of screened vertex operators are given in [Kon94a, Kon94b] as noted in [ESV02, Remark 1], 
but there has been no prior analysis of the convergence of the Jackson integrals. 
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1.4. Relation to elliptic and affine Macdonald polynomials. In [FV04], Felder-Varchenko introduced 
the elliptic Macdonald polynomials A,a;) as hypergeometric theta functions in terms of their epony¬ 

mous functions. In the trigonometric limit, they showed that these functions were related to Macdonald 
polynomials, and they conjectured that in the general case they were related to the affine Macdonald poly¬ 
nomials J/j,k, 2 ( 9 , A, a;) of [EK95]. We prove this conjecture in Theorem 9.9. 

Theorem 9.9. Let k = k + 4. For q~ 2fx and then q~ 2ul sufficiently close to 0 in the good region of parameters 
(5.1), the elliptic and affine Macdonald polynomials are related by 


Jn,k, 2(9, A, w) 


J r(a A U>) (n~ 4 -n- 2 u \(n~ 2u ■ n ~ 2ul \ 3 („-2ui+2 -2ui n -2k\2 

J ^k( q ' /y,w> yq ,q ){q ,g ) {q ,q ,q ) ^ +4 , - 2 < r- 6 . „-2fc^/„2^+2„-2fc. „-2 k\ 


f(q,q 2 “) (g -4 ; q~ 2k ){q~ 2k \q~ 2k ) (q~ 2ul ~ 2 ; q~ 2u , q~ 2k ) 2 

where f(q, q~ 2u ) is the normalizing function of Proposition 9.8. 


; q- 2 k ){q 2 ^ 2 q- 2 k -q - 2k ), 


Remark. This theorem shows that A, w) and J^ t k, 2 (q, A,w) are proportional with constant of pro¬ 

portionality explicit aside from dependence on the normalization constant f{q 1 q~ 2u> ) for the denominator of 
the affine Macdonald polynomial left undetermined in [EK95]. In future work, we plan to use the results of 
the present paper to explicitly evaluate f(q, q~ 2ul ). 


1.5. Relation to the Felder-Varchenko conjecture. One of our motivations for studying the trace 
function T(g, A, w, fj,, k) originates in two streams of prior work. In [ESV02], it was shown that traces of 
intertwining operators for quantum affine algebras satisfy the Macdonald-Ruijsenaars, dual Macdonald- 
Ruijsenaars, g-KZB, and dual g-KZB equations, giving four commuting systems of difference equations . 2 On 
the other hand, in [FTV97, FTV99], it was shown that the Felder-Varchenko functions satisfy the g-KZB 
and dual q-KZB equations, and in [FV01, FV02] it was conjectured that they also satisfy the g-KZB heat 
equation, which is non-trivial in the case considered in this paper. 

In [EVOO, ESV02, EV05], Etingof-Varchenko posed the natural conjecture that the two resulting functions 
are related by a simple renormalization, and in the trigonometric and classical limits proofs of this conjecture 
for the sh case were given in [EVOO, EK94, SV07]. Corollary 5.12 resolves this conjecture in the case of 
functions valued in the three dimensional representation. This gives a representation-theoretic interpretation 
of the Felder-Varchenko function and provides the first proof that the trace function for U q (s\ 2 ) converges 
for parameters lying in a certain region. 

In future work, we aim to use this interpretation to study the Felder-Varchenko functions using the 
representation theory of quantum affine algebras. In particular, we hope to prove symmetry properties 
similar to that of Theorem 8.1 and to approach the Felder-Varchenko conjecture that the Felder-Varchenko 
function satisfies the q -KZB heat equation. This would yield generalizations of the corresponding theorems 
shown in the trigonometric limit in [EV05]. 


1.6. Relation to geometry of Laumon spaces. In [Neg09, Negll], Negut realizes certain intertwiners for 
sl n and gl n via geometric actions of these algebras on the equivariant cohomology of certain moduli spaces 
known as (affine) Laumon spaces. He interprets traces of these intertwiners as generating functions for the 
integrals of Chern polynomials of tangent bundles of the Laumon spaces, thereby relating the generating 
functions to Calogero-Moser systems via results of [Eti95]. This picture is expected to admit quantization, 
giving a relation between [/ g (st n )-intertwiners and the AT-theory of the affine Laumon space; for instance, an 
action of the quantum loop algebra U q (Lsl n ) on the A'-theory of the affine Laumon space was constructed in 
[TsylO]. Under this expected correspondence, our trace function would thereby encode certain intersection- 
theoretic computations in AT-theory giving enumerative information about the affine Laumon spaces. 


1.7. Outline of method and organization. We briefly outline our method. The main technical inputs to 
our computation of the trace function are the free field construction of the g-Wakimoto module of [Mat94] and 
the method of coherent states for one loop correlation functions. Combining these tools, choosing contours 
carefully to ensure convergence, and performing some intricate integral manipulations yields the Jackson 
integral expression in Proposition 5.3 for the trace function. In the good region of parameters, we then check 


2 In this paper, we consider only traces valued in the dimension 3 irreducible representation, for which the q -KZB and dual 
q -KZB equations are trivial. 
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that this expression agrees with the formal expansion of the Felder-Varchenko function to deduce that the 
trace function converges and has the integral form of Theorem 5.1. 

In the remainder of the paper, we take degenerations and give some applications of Theorem 5.1. In 
Theorems 6.9 and 7.4, we take the classical and trigonometric limits of our expression and show that they 
reproduce prior results from [EK95] and [EVOO]. In Theorem 8.1, we show that a normalized quasi-analytic 
continuation of our trace function has a symmetry property predicted by representation theory. Finally, in 
Theorem 9.9, we use the BGG resolution for irreducible integrable modules to compute the affine Macdonald 
polynomial in terms of our trace functions. The resulting expression takes the form of the hypergeometric 
theta functions posed as elliptic Macdonald polynomials by Felder-Varchenko in [FV04], resolving their 
conjecture on the connection between the two. 

The remainder of this paper is organized as follows. The technical heart of the paper is in Sections 2 
to 5. In Section 2, we define our notations for U q (sl 2 ) and for trace functions for t/ g (s( 2 )-intertwiners. In 
particular, we fix a coproduct which agrees with [Mat94] and is the opposite of that of [ESV02]. In Section 
3, we fix notation for the Felder-Varchenko function and give a formal series expansion and quasi-analytic 
continuation for it. In Section 4, we fix notations for the free field realization of f7 9 (,s[ 2 )-modules given in 
[Mat94] and compute normalizations of q -vertex operator expressions for intertwiners. In Section 5, we apply 
the method of coherent states to the g-vertex operators from Section 4 to obtain a contour integral formula 
for the trace function in Theorem 5.1 and identify it with the Felder-Varchenko function in Corollary 5.12. 

In the remaining sections, we apply and take degenerations of Theorem 5.1. In Sections 6 and Sections 
7, we verify in Theorems 6.9 and 7.4 that our computations are consistent with existing computations in 
the classical and trigonometric limits. In Section 8 , we show that a renormalization of the trace function 
satisfies a symmetry property motivated by representation theory. In Section 9, we relate the affine and 
elliptic Macdonald polynomials to our trace functions using the BGG resolution and dynamical Weyl group 
for f7 g (,sl 2 )-modules and prove Felder-Varchenko’s conjecture on their relation. Appendices A and B contain 
notations and estimates for elliptic functions and computations of OPE’s and one loop correlation functions 
which occur in the method of coherent states. 

1.8. Acknowledgments. The author thanks P. Etingof for suggesting the problem and for many helpful 
discussions. Y. S. was supported by a NSF Graduate Research Fellowship (NSF Grant #1122374). 

2. The TRACE FUNCTION FOR t/ g (.S[ 2 )-INTERTWINERS 

In this section, we give our notations and conventions for U q ( s( 2 ) and define the trace functions for 
t^ g (sl 2 )-intertwiners which will be the focus of this work. Our coproduct is the opposite of that in [ESV02] 
and therefore some of our variable shifts are also different. 

2.1. The Cartan subalgebra of s ( 2 and sl 2 . Denote by s ( 2 the affinization of sl 2 and by sl 2 its central 
extension. The Cartan subalgebra of sl 2 and its dual are given by 

I) = Ca ® Cc © Cd and b* = Ca © CA 0 © C<5, 

where Ao = c* and 6 = d*. Define p = ^ a , and recall that sl 2 has dual Coxeter number h = 1 + ( 9,p ) = 2, 
where 6 = a is the highest root. Define or := a, ao '■= 5 — a £ b*, and p := p + 2A 0 . 

The algebra sl 2 admits a non-degenerate invariant form (—, —) whose restriction to b has non-trivial values 

(a, a) = 2 , (c, d) = 1 , (d, d) = 0 

and agrees with the form on b- This defines the identification b — b* given by 

a4«, c i—>- <5, d i-a Ao. 

Transporting the form to b* yields the non-trivial values 

(a, a) = 2, (6, A 0 ) = 1, (A o ,A o ) = 0. 

The Cartan matrix A = (a^-) for s ( 2 is defined by a»j := ( ai,aj ). 
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2.2. The algebras U q ( sl 2 ) and U q ( sl 2 ). Let q be a non-zero complex number transcendental over Q, and 

for an integer n define the q -number by [n] = q q Z q -i , g-factorial by [n]! = [n].[ 1 ], g-falling factorial by 

[n]i = [n] ■ ■ • [n — l + 1], and g-binomial coefficient by (^) = • The quantum affine algebra U q (sl 2 ) 

is the Hopf algebra generated as an algebra by e,, /,, q ±hi for i = 0,1 with relations 


[q hi , q hi ] = 0 q hi ejq~ hj = q^’^ej q hi f jq ~ h * = [aJj] = 5, 


1 CLii 


E(-D‘ 


1 - a 7 ; 


1 — at 


qhi _ q -hi 

u lj i 

g-g - 1 


ij \ 1-ay-fc k 


erf = 0 


(_i 1 


k —0 v 7 Q k —0 

The coproduct, antipode, and counit of t/ g (sl 2 ) are 


/■ k hfi= o. 


A(e») = e* O 1 + ® e u A(/i) =/* ® g + 1 <g>/*, A(q hi )=q hi 0q hi - 

S(e i ) = -q~ hi e i , S(fi) = -/;g\ S(q hi ) = q~ h *-, 
e(ei)=e(fi) = 0 , s(q h ) = 1 . 


We centrally extend [/ g (sl 2 ) to f7 g (sl 2 ) by adding a generator q d which commutes with q hi and whose 
commutators with ei and /,; are 

[g d , e»] = [g d , /»] = 0 for * 7 ^ 0 , q d e 0 q~ d = ge 0 , q d foQ~ d = g _1 /o 
and on which the coproduct, antipode, and counit are 

A(q d ) = q d q d , S(q d ) = q~ d , e(q d ) = 1 . 

Define the subalgebras f7 9 (b+) = (e 4 ,g ±,!i }, f/ 9 (b_) = ( fi,q ±hi }, f/ 9 (n+) = (e;), and t/ g (n_) = (/*) of U q (sl 2 ). 


Remark. This coproduct agrees with that of [Mat94, Kon94b] and is opposite to that of [ESV02]. 

2.3. Verma modules for t/ g (sl 2 )- We denote by M Pik := M pp +k A 0 the Verma module for U q {s\ 2 ) with 
highest weight pp + fcAo and by v p ^ £ a canonically chosen highest weight vector; this module is of 

level k. We extend it to a t/ g (s[ 2 )-module by letting q d act by 1 on Define the restricted dual of M Pi u 

by 

Mlk ■■= 0 M^ k [-mS}*, 

m> 0 

where the action of t/ g (sl 2 ) is given by (u ■ 4>){m) := <j>{S{u)m). Let v* k be the dual vector to the highest 
weight vector v Pt k- For generic (p, fc), the Verma module is irreducible; we will make this assumption 
throughout the paper outside of Section 9. 


Remark. In the notation of [Mat94], M Pi k is the Verma module of spin ^ at level k. In the notation of 
[ESV02], M^ k is equal to 

Define the algebra anti-automorphism w : U q (s 1 2 ) —> U q (s l 2 ) by w(ej) = fi, u>(fi) = ej, and uj{q h ) = q h . 
Define a symmetric form on by 

F{ av n,k> bv^k) = (w(a)i>* fc , bv P} k), 

where a, 6 £ C/ g (n_) and w(a)u* fc £ 1WV k . On M p ^[pp + kA 0 — A p — a<5], it is related to the Shapovalov 
form of [Jos95, Theorem 4.1.16] by 

j-( —,—) = Cxq -^P+kAoAp+aS) F (_,_j 

for some constant C\. Noting that by [Jos95, Lemma 3.4.8] the Kostant partition function satisfies 

P{Xp + aS)(Xp + aS ) = EE P(Xp + aS — n/3)/3, 

/ 3>0 n> 1 

we obtain the following scaling of the Kac-Kazhdan determinant formula for J-. 
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Proposition 2.1 ([Jos95, Theorem 4.1.16]). When restricted to M lhk [l-i(J + fcAo — A p— a<5], the form T has 
determinant 


cTIIIa 


q-2(P,VP+kA 0 +p)+n(@,l3) 


/3>0 n>l 


P(\p-\-a5—n(3) 


where C is a non-zero constant depending on choice of basis, /3 ranges over positive roots {a, ±a + mS , rrid \ 
m > 0}, and P denotes the Kostant partition function. 


Remark. Proposition 2.1 is the quantum analogue of the Kac-Kazhdan determinant formula of [KK79]. 

2.4. Evaluation modules for C/ q (s[ 2 )- Let ATT denote the restricted dual Verma module of lowest weight 
—fi for U q (s I 2 ); if p is a positive integer, let L^ C M)( be the corresponding irreducible finite dimen¬ 
sional module. Let ATT ( 2 ) and L /1 (z) denote the corresponding affinizations. We choose an explicit basis 
W 2 p, • ■ ■, w- 2 [i for L 2f j,(z) so that U q { s[ 2 ) acts by 


eiU>2m <8> Z n = \n - m]w2rn+2 ® T 
eoW2m <8> Z n = [fl + m\w2m-2 <8> T +1 
flW2m ® Z U = [/i + m\w2m-2 <8> Z n 
/o»2m ® z" = [^ - H»2m+2 <8> z" _1 
®Z n = q 2m W 2 m ® Z U 
q h °W2m ®Z n = q~ 2m W 2 m ® Z n 
q d W2m ® Z n = ® z". 


Remark. This basis is related to the basis in [Mat94] by w 2 m = v^-m- 

2.5. Completed tensor product and intertwiners. Let V(z) be a finite-dimensional evaluation repre¬ 
sentation for U q (sl 2 ). Define the completed tensor product by 

M^SViz) := (M* k y <g> V(z) * Horn c (M^ fc , V{z)), 

where by (M^ k )* we mean the full linear dual, the £/ g (s[ 2 )-action on Home (M^ k ,V(z)) is given in Sweedler 
notation by (u ■ p){m) = U( 2 )p(«S'(u(i))m), and the isomorphism is given by <jf ® v 1 —> Cif) 1 —> cjf (q~ 2 Pip)v^J. 
As a vector space we have an isomorphism 

M^V(z) = (AfV fc )* ® V(z) ~ ® F(z)) 

a>0 

under which elements of (z) are sums So ® with Wii v* homogeneous and Hindoo deg(mi) = 

00 . For v G F[r], if is irreducible, by [EFK98, Theorem 9.3.1] there is a unique U q (sI 2 )-intertwiner 

<f>l, k {z) : M^k -)■ M^ T , k ®V(z) 

which satisfies 

= v u,k ® « + (l.o.t.), 

where (l.o.t.) denotes terms of lower weight in the first tensor factor. If V ±,..., V n are finite-dimensional 
representations, Vi € V)[t,;], define the iterated intertwiner by the composition of intertwiners 

: M^ k -a M^ Tntk ®V n (z n ) -* M m _ Ti - T n ,k®Vi(z!)§>■■■ ®V n (z n ). 

Remark. These intertwiners are known as Type I intertwiners. Due to our coproduct convention, they 
correspond to Type II intertwiners in the coproduct of [ESV02]. 
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2.6. Definition of the trace function. Define the trace function ^ Vl, '" ,Vn (zi,... ,z n ',X,u, fj,,k) as the 
formal power series in q~ 2ul given by 

...,z n -,X, u, /x, k) := Tr| Mp , fc (i > z n )q 2Xp+2ud ) . 

In the case n = 1, the trace function ’F u (;;; A, w, p, fc) is independent of z, and we use the notation 

( 2 . 1 ) T*{q,\ U ,»,k) := A, - 1, * - 2) = Tr| M(M _ 1)p+(fc _ 2)A[1 ($”_i, fc _ 2 (^)g 2Ap+2 ^). 

If v = wq £ L2m[0], then T w °(q , A, w, //, fc) lies in i2 m [0] — C • u>o> and we interpret it as a C-valued function 
via the identification C • wq ~ C. 

Remark. Our notation for $! Vl ’—> Vn (zi,..., z n \ \,w, is related to that of [ESV02] by the use of the 
opposite coproduct and the variable shifts 

'S’ Vl ’-’ Vn { Z i,z n ; A, w, /x, k) = >P Esv’ Vn {zi,..., z n ; X - u/2, u,n~ k/2, k). 

We choose our conventions to make the classical and trigonometric limits more transparent. 

Remark. As defined, all trace functions we consider are formal power series in q~ 2uJ . Our main result 
Theorem 5.1 shows that for wq £ L 2 the formal power series for T w °(q, A, w, p,, k) converges in a certain 
region of parameters, meaning it is analytic. 

2.7. Rationality properties of the trace function. The goal of this subsection is to prove Proposition 

2.6, which characterizes the coefficient of the power series expansion of the trace function in q~ 2u . We begin 
by giving an explicit expression for the intertwiner in terms of the form T on Choose a homogeneous 

basis {g X ’“} for U q (ri-) so that wt(g X,a ) = —A p — a5 , and define the matrix elements 

,a(/X,fc)y = ^{gf^V^k^j^V^k) 

of the form and the elements Pf a (/.i, k)ij of its inverse matrix. 

Lemma 2.2. For v £ V(z), the vector 

<?V,M = k h (q 2p 9i’ a v^k) <8 u(g X ’ a )v 

A,a i,j 

in (z) is singular. 

Proof. Notice that 4> k ,k,v is singular if and only if the composition 

v- : M^ k 10 V'” M^ k 0 (M^)* 0 V(z) V(z) 
induced by (f^ t k,v and m0 / >->• f(q~ 2 ^m) is a map of I/ g (n + )-modules. This holds since 


= (u(9i' b )i 

A,a i,j 


H,k ? 


g X ' a v^ k )u){g 


A ,a\ 

3 ' 


= J2- F ^b(9,k)ijTu,b{9,k)uUj(gj’ b )v = ^ hju(g v y b )v = u){gf’ b )v. □ 

3 

Lemma 2.3. The matrix elements Pflfl-i, k) l j of the inverse of T are rational functions in q~ 2>1 and q~ 2k 
with at most simple poles whose denominators are products of linear terms of the form 

(1 _ q -2(n+l)-2m(k+2)+2n^ _ ^2(/i+l)-2(m+l)(fc+2)+2ny Q _ ^-2(m+l)(fc+2)) for m > 0, Tl > 1. 

Proof. This is proven in the same way as [ES95, Lemma 3.2], noting that these linear terms are exactly those 
appearing in the Kac-Kazhdan determinant of Proposition 2.1. □ 

Lemma 2.4. If v £ V[0], the only linear terms from Lemma 2.3 which appear in coefficients py a (g, k)ij of 
< pft,k,v are those for which V[na] ^ 0 or V[—na] ^ 0. 

Proof. This is proven in the same way as [ES98, Proposition 2.2]. □ 

Lemma 2.5. For w o £ L 2 IO], as functions of q~ 2 ^ and q~ 2k , matrix elements of &™° k {z) in the PBW basis 
may be written in the form ^ where 
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• Pij(q~ 2tJ, ,q~ 2k ) is a polynomial in q~ 2 ^ and Laurent polynomial in q~ 2k ; 

• Qij{q 2 ^! q~ 2k ) is a polynomial in g" 2/i and Laurent polynomial in q~ 2k given by a product of linear 
terms of the form 

M _ q-2(n+l)-2m(k+2)±2\ ^ _ ^2(/i+l)-2(m+l)(fe+2)±2^ ^ _ ^-2(m+l)(k+2)\ for TO > 0; 

• in each graded piece M^^—aS], the Pj 3 contain a finite number of distinct non-zero monomials and 
the Qij contain a finite number of linear factors. 

Proof. This follows for < p,j.,k,w 0 = by Lemma 2.4. Each other matrix element of 4>™° k (z) is 

computed by acting on (lq,.k.w 0 by monomials composed of products of A(/)) for different i. Therefore, 
matrix elements in M Pi ^[—aS\ for a < A are finite linear combinations of the coefficients of <p f ,. t k,w 0 in degree 
at least (—A) scaled by constants independent of p and fc, yielding the desired for all matrix elements. □ 

We now constrain the structure of poles of the trace function. This result is similar to that of [ES98, 
Proposition 3.1]. However, in the quantum affine setting, it is possible for the trace function to have an 
infinite number of poles, but as a formal power series in g~ 2 “ each coefficient does not. 

Proposition 2.6. For wq £ -Zb 2 [0], the function 'F u ’ 0 (z; A,w, p,k) may be written in the form 

* wo (*; A, W, M, k) = q x » Y, q~ 2un K° (*; A ,n,k) 

n> 0 

as a formal power series in q~ 2u where A, p, k) takes the form Q n ^_ 2 ^- 2 )q with P„(g _2/i , q _2fe ) 

polynomial in q ~ 2/i and Laurent polynomial in q~ 2k and Q n (q 2 ^,q~ 2k ) a polynomial given by a finite 
product of linear terms of the form 

(1 _ g -2(M+l)-2m(fc+2)±2^ _ g 2 (/ 1 +l)- 2 (m+l)(fe+ 2 )± 2 x _ g - 2 (m+l)(k+ 2 )\ for m > 0 . 

Proof. This follows from Lemma 2.5 in the same way as [ES98, Proposition 3.1] follows from [ES98, Propo¬ 
sition 2 . 2 ]. □ 


3. The Felder-Varchenko function 

In this section, we introduce the Felder-Varchenko functions, specialize their definition to the three- 
dimensional irreducible representation of U q ( sb), and derive some of their properties which we will use later. 
In particular, we give a series expansion and quasi-analytic continuation. 


3.1. Definition of the Felder-Varchenko function. For A = (Ai,..., A„), let 

La — Lai 0 * * * 0 La„ 

be the tensor product of finite dimensional irreducible representations of U q (s [ 2 ) with highest weights 
Ai,..., A„ and highest weight vectors v _\ 1 ,..., v\ n ■ In [FV01], Felder-Varchenko defined the La[0] 0 La[ 0]- 
valued functions 


(3.1) u(zi,...,z n ,q,X,u,fj,,k,q) = q A/i [ 2u ,q 2k ) (r ; q ^ ,q ^) 

J ' Zj J . \tj / 

I l,] J J 


E , . _2cj a \ V / _2fc a \ ... dtffi 

1 j • • •) tmi Zh • ■ ■ j z n , A, q , A) to j (t \,..., t m , Z\ ,..., z n , (i, q , A) — . - ej 0 ej. 

j j yZTTI) Z\ • • • 


The notations in this definition are as follows. The summation is over I and J so that for ej = 0 

• • • 0 e ln v\ n and ej = e 11 V\ 1 0 • • • 0 e ln Vj\ n , ej and ej form bases of La[0]. The phase function ff is defined 
in (A.2) by 

[zcT 1 ] r,p)(z~ 1 a~ 1 rp; r,p) 

(za-,r,p)(z~ 1 arp-,r,p) ’ 


n a (z;r,p) : 
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where ( u;r,p ) is the double q-Pochhammer symbol of Subsection A.l. The weight function uij is defined by 


^(z l 5 ...,z n )(^l; • ■ • > tmi Zh ■ * * 5 A, A A) — 




fl^gV) 


n i-1 g(±L a ^j- r ) 

e min „ 

1=1 9 ,r 


TT lr 0(^ 2 ;r) 1 !l rTT 0(^-A h+ ^-2 E |*- 1 (A i -2u) ;r) 

11 11 n/i±- r \ 11 11 


0( —* r) 

h<li£l h ,j£li y t j ’ ) h=lj£l h 


±i-n-Ah 




-) 


where 0(—) is Jacobi’s first theta function as defined in (A.l) and the summation is over disjoint subsets 
A, 7 n of {1,..., to} so that | A| = A. The mirror weight function w/ is defined by 

W il,...,in (^1) ■ • • > All Zl> • • • ) Zn, /AP, Ai, . . . , A n ) = (t±, . . . , t m , Z ra , . . . , Zl, fl,p, An, . . . , Ai). 

Finally, the cycle of integration 7 is defined by analytic continuation from the domain on which 

\q\M~ 2k \M~ 2u \M Ki \ < 1 , 


where it is the m-fold product of unit circles. We refer to the functions u(z ±,..., z n , q, A, w, p, k) as Felder- 
Varchenko functions. 


Remark. We have adopted different notations from those used in [FV01]; in particular, we use multiplicative 
notation. For q = e 2mr] , we have 

(3.2) u(q, A, w, p, k) = u FV (2Ary, 2pr], — 2w?/, — 2kp, rf), 

where u FV (A, p,r,p,p) denotes the function from [FV01]. 


Let n = 1 and A = (2), so that L\ = L 2 , where L 2 is the 3-dimensional irreducible representation of 
U q (sl 2 ). Notice then that L 2 IA] ® L 2 P] is 1-dimensional, so we may consider u{z, A, p, r,p, 77 ) as a numerical 
function. In this case, we have 


wi(f,z, A,r) 


fl(|g 2 V) 

0(fg _ V) 


and uS[{t,z, p,p) 


Specializing (3.1) and noting that the result is independent of z yields 


g(fg 2 /J ;p) 

0(fg ~ 2 \pY 


(3.3) 


u{q,\,u>,p,k) = q ^ x v 2 I 

Jc t 


—O (t-n~ 2 “ 1 - 2k \ 6a( ' tq2 ^' 1<1 ^1 d °^ 2X '^ ^ 

2nit q ’ ’ 9 0 (tq~ 2 ; q~ 2k ) 9 a {tq~ 2 ] q~ 2uj ) ’ 


where for |g|, |q 2k \, \q 2uj \ < 1 the contour C f is the unit circle and we omit the z argument. The remainder 
of this section will be devoted to proving some properties of the Felder-Varchenko function. 


3.2. Series expansion of the Felder-Varchenko function. In this section, we give formal power series 
expansions for the Felder-Varchenko function in formal neighborhoods of 0 and 00 in q~ 2,Jl . Recall that the 
terminating q-Pochhammer symbol is ( u ; q) m = as Subsection A.l. 

Proposition 3.1. As a formal power series in q ~ 2ul , we have in a formal neighborhood of 0 in q~ 2 ^ that 


q 0 o (g 2 ^ +2 ;g- 


^2 q-^+ 2 A 


n> 0 


O 0 (q 4 q~ 2kn -,q- 


' z =1 


and in a formal neighborhood of 00 in q 2fi that 

u(q,X,W,p,k) —A —2 (g-V 2 Ag- 2fc ,g- 2 -) _1_ 1 

t„2u-2. „-2k\ Q (q4:q-2kq-2uj.q-2k,q-2ui^ [q~2k-q-2k^q-2ui. q-2ui^ (q4q-2k. q-2k^ 

_ n 2X—2 n 2kn. n —2uj\ n ( n —A n 2kl . n —2 uj^ 


A/i+/i u \- . 

9 0 {q 2tJ -~ 2 ;q~ 2k ) 


1 


7 I'd J\H I'd ) H I'd ) 

ft ( J2X—2 J2kn. rt —2uj\ n ft ( «—4 J2kl. rt — 2a 

E (2^+2)r W0(g g .g ) TT 9o(q g ,Q 

9 0 {q~ 4 q 2kn -,q ~ 2ul ) ^ 9 0 (q 2U ; q~ 2ul ) 
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Proof. Denote the integrand of the Felder-Varchenko function by 


v{t, q, A, u>, n, k) 


n q2 (f,q- 2 “,q~ 2k ) 


e 0 {tq 2 ^-q- 2k ) e 0 (tq 2X -,q- 2 “) 
e 0 {tq- 2 -q~ 2k ) e 0 {tq- 2 \q~ 2ul ) 


and take the formal expansion 


v(t,q, \,u>,n,k) = ^ ^v n (t,q,X,n,k)q 2uin . 

n> 0 

We may write v(t , q , A, u>, /x, k) = vq( t, q, A, fi, k)v(t , q , A, w, fi, fc), where u has power series expansion 

v(t,q,\,uj,n,k) = 1 + ^2v n (t,q, X, fi, k)q~ 2uin 

n>0 


with each a Laurent polynomial in t of degree at most n. In particular, all poles of v n in C x are those of 
Vq. For small enough e > 0, we may choose contours for t with |f| —> 0 satisfying the hypotheses of Corollary 
A.2 for e. On such contours, we have the estimate 


(3.4) 


go(V M ;g 2k ) .n 

6 0 (tq- 2 ;q- 2k ) 


< D 1 {q~ 2k 


■| M+1 I t 2 q 2fl ~ 2 


M + l 
2 k 


\t\ n <C | 


-+n 


for a constant C is independent of t. 

On a formal neighborhood of 0 in q~ 2fl , because v n is a Laurent polynomial in t. of degree at most n, by 
(3.4) we may compute u(q, A, u, /x, k) by deforming C t to 0 and summing residues at t = q 2 q~ 2kn . As a power 
series in q~ 2u , we obtain 


A u u (q, A, u, n, k) _ q 


— X—fi—2 


d 0 (q 2 ^+ 2 -q- 2k ) 9 q (q 2 ^+ 2 -q- 2k ) 


E Res *= 


n> 0 


( dt P /, —2ui -2^ e 0 2k ) Op{tq 2X -,q 2ul ) 
? ,Q 0o(tq~ 2 ; q~ 2k ) 9o{tq- 2 ;q~ 2ul ) 


q q \2mt q 




E 


^-2fc(n+l). q -2k^ q -A q -2u q 2k(n-l). q -2u q -2k^ 


9o{q 2 ^ +2 \q- 2k ) ^ ( q 4, q -2kn ]q -2u ^ q -2k^ q -2u q 2k(n-l) ]q -2u ^ q -2k^ 


9 0 (q 2lM+2 q- 2kn ;q 


—2k\ 


9o(q 2X+2 q 2kn - J q 2uj ) 


= -q 


(, q ~ 2k ; g- 2fc )(g2fe(n-l); g-2fe) n _ 1 (g-2fen. q -2kj ( q -2u> q 2kn. q -2u ) 

_ A _ < 1 _ 2 (9 4 ;9- 2 w )(5- 4 ;5- 2 w ,9- 2fc ) 1 

(<T 4 ; q~ 2k ){q 4 -, q- 2 “,q~ 2k ) {q~ 2k ■ q- 2k ){q~ 2 “ ■ q~ 2 “) 


E* 

n>0 


zd /^2A+2 „—2kn. „—2cu \ n g ( r A ri —2kl. 2u\ 

-(2/x+2)n fc/ 0(g g ) TT 9 V ) 

0o{q 4 q- 2kn \q- 2ul ) {q~ 2kl \ q~ 2u ) 


On a formal neighborhood of oo in g 2/i , we may similarly compute u(q, X,to, fi, k) by deforming C* to oo 
and summing residues at t = q~ 2 q 2kn , yielding 


<Z A ^ix(g,A,w,/x,fc) 

W M “ 2 ;<T 2fc ) 


A —2 


9o{q 2 »- 2 -q- 2k ) 


..— \—2 


00 (q 2tl ~ 2 ; q~ 2k ) 


E Res i*=?- 

n>0 

E 


f dt o / # .„-2« „-2fc^ 6> oftg 2M ;g 2fc ) Qo(tq 2X ;q 2ui ) \ 
V27 Tit q2[,q ,Q ’9 q (tq- 2 -,q- 2k )9o(tq- 2 ;q- 2 “)J 


9 0 (q 2fl ~ 2 q 2kn ;q~ 2k ) 9o(q 2X ~ 2 q 2kn -, q~ 2ul ) 


n> 0 


0o(q~ 4 q 2kn i q~ 2k ) 


9 0 (q~ 4 q 2kn ; q~ 2ul ) 


(q~ 4 q 2kn ', q~ 2k , q - 2 ^^ q - 2 kn q - 2 k q - 2 u. q - 2 k q - 2 u ) 


(jf2kn q -2ui q -2k, g _2w ) (g 2fcn ; g _2fc ) n (q _2fe ; q -2k^ q A q -2kn q -2k q ~2u . g-2fc ^ q ~2ui^ 


A —2 


0 q- 4 q- 2u ;q- 2k ,q~ 2u ) 


9 0 {q 2m 2 ;g 2fc ' 1 


9o(q 2k- ~ 2 ;q~ 2k ) (q 4 q~ 2k q~ 2ul ; q~ 2k , q~ 2ul ) (q 


-2k. q -2k^q-2u. q-2u^ ^ q 4 q -2k. q -2k'j 


E« 

n>0 


o ( J2X—2J2kn. ri —2uj\ 
(2 At +2)n q ,q ) 

So {q~ 4 q 2kn \q~ 2ul ) 


n 

/=i 


9o(q- 4 q 2kl - iq - 2 “) 

9o(q 2kl ;q~ 2u ) 


□ 



12 


YI SUN 


3.3. Quasi-analytic continuation of the Felder-Varchenko function. In what follows, we require the 
concept of quasi-analytic continuation of a formal power series in multiple variables. Let f 1 (z,w\,... ,w m ) 
and f 2 (z,w 1 ,..., w m ) be formal power series of the form 

f\z,wi,...,w m ) = 

n> 0 


Suppose that for |^:| < 1, f 1 (z, w \,..., w m ) and f 2 (z,w i, ..., w m ) converge on possibly disjoint regions U\ and 
U 2 for w = (uq,..., w m ) and that each /^(uq,..., w m ) admits analytic continuation to a rational function 
of w. We say that / 1 is a quasi-analytic continuation of / 2 if for each n we have an equality of analytic 
continuations ..., w m ) = / 2 (uq ,... , w m ). We denote this by f 1 (z, wi,..., w m ) = f 2 (z , uq ,... , w m ). 

As an example, we compute a quasi-analytic continuation we will use later. 


Lemma 3.2. As quasi-analytic continuations in the formal variable p from |r| < 1 to \r\ > 1, we have 
(p; r) = (r _ 1 p; r -1 ) -1 and (ap;p, r) = (ar _ 1 p;p, r -1 ) -1 . 

Proof. For the first claim, notice that 

/ - \ U U ( k \ 

p r 


(p;r) = Y[{l-pr n ) = ^ 


(-l)Vr(') ~ k ~~ k 


= E 


n>0 


k >0 (1 - r) ■ ■ • (1 - r k ) ^ (1 - r- 1 ) ■■•(!- r~ k ) 


= ( r p; 




For the second claim, by the first claim, we have 


(ap;p,r)=Y{(ap n ;r)=Y[{ar 1 p n ',r x ) 1 = {ar 1 p\p,r x ) i . 

n> 1 ri> 1 


□ 


Remark. The domains U\ and U 2 on which / 1 and f 2 converge in w are allowed not only to be disjoint but 
also to be separated by a dense set of singularities, as occurs in Lemma 3.2. This is forbidden when analytic 
continuation is considered instead of quasi-analytic continuation. 

In what follows, we consider quasi-analytic continuation in the formal variable q~ 2bJ . We give a quasi- 
analytic continuation of a normalization of the Felder-Varchenko function to the region |qj > 1, \q~ 2k \ > 1. 
Note that the integrand of u(q , A, ui, fi, k) does not admit quasi-analytic continuation in q~ 2k when q~ 2ul is 
considered as a formal variable, but the normalized result of the integration does admit such a continuation. 
Recall the terminating q-Pochhammer symbol ( u;q) m of Subsection A.l. 

Lemma 3.3. For |g| < 1, |g _2fc | < 1, and 2 ^ fc t ' 1 - ) > m, we have the integral 

r I dt (tq~ 2 ',q~ 2k ) 0 o (tq 2lJ -,q- 2k ) l-tq 2X 
m f w=1 2mt (tq 2 ;q- 2k ) e 0 (tq- 2 -,q- 2k )l-tq- 2t 

^2/x+2. q—2k^q—2fi-\-2—2k. q~2k^ ^—2//—2—2/c. q~2k'j ^ ^2A+2 2[i-\-2—2km _|_ ^2A— 2fi—2km 

- -Q (q- 2fc ;g- 2fc )(g 4 ;q- 2fe ) {q- 2fi+2 ~ 2k -, q~ 2k ) m 1 - g - 2 /x- 2 - 2 fcm ' 

Proof. By Corollary A. 2, we have for 


(3.5) 


min 

n 


\og\tq 2k q~ 2kn \ 


> £ and min 

n 


log \tq~ 2 q~ 2kn \ 


> £ 


that there is some D\(q,e) for which 


e 0 (t q 2 ^,q~ 2k ) 

d 0 (tq- 2 ;q~ 2k ) 


<D 1 ( 5 ,£)|< ? r 1 |tV' 1 - 2 | 


M+l 

k 


Di(q, e)\q\^ +1+ 


2(m 2 -D 

k 


2(m + 1) 

k 


Because all other terms converge to 1 as t —> 0, for > m the integral vanishes after deforming the 

t-contour to a contour near 0 which satisfies (3.5). Therefore, the value of I m is the sum of residues near 0, 
which occur at the poles t = q 2 q~ 2nk for n > 0 . 
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To compute the sum of residues, notice that 

f dt (tq~ 2 \q~ 2k ) 9p{tq 2 ^\q~ 2k ) 1 - tq 2X 
* t j_i 2mt (tq 2 ;q~ 2k ) 9 0 (tq~ 2 ; q~ 2k ) 1 - tq~ 2 
dt 9 0 (tq 2 ^;q~ 2k ) 


I'm — 




= -q 


= -g 2 £ 


|*|=! 2 nit (tq 2 -,q- 2k )(t- l q 2 \q~ 2k ) 
9 0 {q 2 ^ +2 q~ 2kn ] q~ 2k ) 


~tq )t 




n> 0 


(q 4 q~ 2kn ; q~ 2k )(q 2kn -, q~ 2k ) n (q~ 2k ; q~ 2k ) 


^ _ ^2A+2^—2kn^2(m—1)^— 2(m— l)kn 


= -q 


= -q 


2m 


9p (g 2p+2 ;g 2fc ) 
{q~ 2k ',q~ 2k ){q 4 ’, q~ 2k 
Op{q 2,l+2 \q~ 2k ) 


ST' (g 4 ; g 2fc )ra 
{.q- 2k ]q~ 2k )n 

, ( q — 2/i-t-2—2fcm. ^—2fe 


^ _ q 2\+2 ^—2kn\ q —(2/j.+2)n q —2kmn 


(q~ 2k ;q~ 2k )(q 4 ; q~ 2k ) 


(^q—2[i—2—2km. q—2k^ 


q 


2A+2 


^-2p+2-2fc(m+l). q~ 2k ^ > 


= -q" 


^q-2fi—2—2k(m-\-l ). q—2k' s j J 

( J2a-\-2 . 2k\( — 2 ll-\- 2—2k. 2k\ („—2ii—2—2k. „—2k\ -i „2A+2 -2ii-\-2—2km J2X—2u,—2km 

2m Vi Ay 5 y My >y )m ± ~ y ~ y t y 


(9- 2 fc ;«- 2 fc )(« 4 ;9" 2fc ) 


(g-2M+2-2fe ;g -2fc) r 


^ _ q—2fi—2—2km 


. □ 


Lemma 3.4. For |g| < 1, |g 2fc | < 1, and > m, we have the integral 

dt (itq 2 ; g 2fc ) 9 0 {tq- 2 ^- 9 2fc ) 1 - ^ 2A 


/i. = 


= -q 


" Ct 2irit (tq~ 2 ; q 2k ) 9o(tq 2 ;q 2k ) 1 — tq 2 

^q—2fj—2. q2k^q2/j,-2-\-2k. q2k^ ^q2fi+2+2k . ^ q 2X ~ 2 ^2/4—2+2fcm _|_ ^2A+2/x+2fcm 


(g -4 ; q 2k )(q 2k -q 2k ) 


^q2fi— 2+2/c. qZk^j 


2 _ q2fi-\-2-\-2km 


where C t is a contour containing the poles inside |f| = 1 except t = q 2 and excluding the poles outside \t\ = 1 
except t = g -2 . 


log|fg- 2 VA 


Proof. By Corollary A.2, we have for 
(3.6) n 

that there is some Di(q,e) for which 

\6 0 (tq- 2 ^q 2k ) 


> e and min 


log | tq 2 q 


2 J2kn | 


> £ 


< 7?i(g, e) 


\-H-l\ t 2 q -2„+2\^ 


9p(tq 2 -q 2k ) 

All other terms in the integrand converge to 1 as t —> 0, so for 2( £^ > m i the integral vanishes after 
deforming the f-contour to a contour near 0 which satisfies (3.6). Therefore, the value of V m is the sum of 
residues which are picked up when deforming the contour to 0 , which occur at the poles t 
n > 0. We deform the contour and pick up residues to find 


q 2 q 2kn for 


I' = 


dt (tq 2 ;q 2k ) 9 0 (tq 2/i ; q 2k ) 1 — tq 2X 
C t 27r it ( tq~ 2 ; q 2k ) 9 0 (tq 2 ; q 2k ) 1 - tq 2 
dt 9 0 (tq~ 2 ^\q 2k ) 


t n 


t m - L q- 2 (l-tq 2X ) 


C, 2lrit (tq- 2 \q 2k )(t~ l q- 2 \q 2k ) 




9p(q 2/i 2 q 2kn - q 2k ^ 


= -q 


n> 0 
— 2m 


( q -4 q 2kn. q 2k}( q -2kn. q 2k} n ( q 2k. q 2 fc) 


^-2m^2fcn(m-l)^ _ ^2X—2^2kn^ 


9 0 {q 2M 2 \q 2k ) Y" (g W*)" J2u+2)n+2kmn n 

„-4. n 2k\( n 2k. n 2k\ 2-^ ( n 2k. n 2k\ 9 \ 


(■ q~ 4 ]q 2k )(q 2k ;q 2k ) ^ ( q 2k ;q 2k ) r . 
9 0 {q~ 2ll ~ 2 ;q 2k ^ 


- q 


2X—2 „2kn 


„2X 


^q2n~2+2k(m+l). q2k> 


= -q 


, ( n 2fi-2-\-2km. n 2k\ 

^—-— ( — ---- — — -— 1 

H (q~ 4 ; q 2k )(q 2k ; q 2k ) \ (g 2 ^+ 2 + 2 km. q 2 k^ ^ ^ 2 ^+ 2 + 2 fc(m+l). q 2 k^ j 

2 ^q—2/1—2. q2k^(q2n-2+2k. q2k^ (q2fi+2+2k. q 2k } m 1 _ q 2X ~ 2 — g2^-2+2 km q2X+2n+2km 


(( q~ 4 \q 2k )(q 2k ; q 2k ) 


^q2fi-2-\-2k. qZk'j 


2 q2fi-\-2-\-2km 


□ 
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Remark. In Lemma 3.3, the quantity 

( r ,—2k. ri —2k\( r ,A. ri —2k\ ( ri —2ii—2—2k. ri —2k\ i _ „2A+2 ri —2a-\-2—2km i ri 2X—2ii—2km 

_ yd t H JW ) _ j _ _ 2m Vd _ 7 )m 1 H _ H _ ' _ 

^q2fi-\-2 - q—2k^q—2fi-\-2—2k. q—2k^ m ^ ^q— 2/i,+2— 2k. q—2k'j^ n \ q—2ii—2—2km 

is a rational function in all variables. This suggests the correct function to quasi-analytically continue is 

{q -2k. q -2k) {q 4. q -2k) ^ ^ ^ 

(g2/i+2. q-2k'j^q-2 l j,+2-2k^ g~2 /b K )- 

Dehne the function 
(3.7) 

(tq 2 q 2u \q 2w ,q 2k )(t 1 q 2 q 2ul q 2k ;q 2u ,q 2k ) (tq 2X q 2 “;g 2 “)(f 1 g 2X q 2u ;q 2u ) 


f(t, q, A, w, k) = 


so that 


(t,q 2 q~ 2u> \ q~ 2u> , q~ 2k )(t~ 1 q 2 q~ 2uj q~ 2k ; q~ 2u , q~ 2k ) (tq~ 2 q ~ 2ul ; q~ 2ul )(t~ l q 2 q~ 2ul \ q ~ 2u> ) 


q /, -2oj „-2k\ a 0 v-i n > n y _ v'l 11 ; -uci 11 y " ^ « \ 7.4 

?2 ’ ’ 9 0 (tq- 2 ;q- 2k ) 9 0 (tq~ 2 ; q~ 2u ) ( tq 2 \q~ 2k ) 9 0 (tq- 2 -,q~ 2k ) l - tq~ 2 ' 

Note that f(t,q,X,ui,k) admits a formal expansion 

n 

f(t , <7, A ,u,k) = ^2 ^2 q~ 2uin t m fn,m(q, A, A;) 


(tq 2 ^; q 2k ) 6 0 (tq 2X ;q 2u ) (tq 2 \q 2k ) do^q 2 ^; q 2k ) 1 — tq 2X 


n >0 m=—n 


for some rational functions f n ,m(q,X,k) of q, q 2X , and q~ 2k with fo,o(q. A, k) = 1. We now find a quasi- 
analytic continuation of f(t,q,X,u>,k) and then use it in conjunction with our computations in Lemmas 3.3 
and 3.4 to obtain the desired continuation of the Felder-Varchenko function in Proposition 3.7. 

Lemma 3.5. The quasi-analytic continuation of f(t,q,X,u,k) to \q~ 2k \ > 1 is 


f(t,q,X,u,k) = 


(tq 2 q 2u q 2k ]q 2u ,q 2k )(t 1 q 2 q 2ul ;q 2ul ,q 2k ) ( tq 2X q 2ul ;q 2u )(t 1 q 2X q 2ul ]q 2u> ) 
(tq~ 2 q~ 2uj q 2k ; q~ 2ul , q 2k )(t~ 1 q~ 2 q~ 2ul ; q~ 2u 1 q 2k ) ( tq~ 2 q ~ 2ul ; q~ 2uj )(t~ 1 q 2 q~ 2ul ;q~ 2ul ) 


Proof. This follows by applying the computation of Lemma 3.2 repeatedly. 


□ 


Proposition 3.6. The quasi-analytic continuation of 

(q- 2k -,q- 2k )(q A -,q- 2k ) 


^q2/j,+2. g-2fcUg-2p+2-2fe. q~ 2k ) 

to |g| < 1 , \q~ 2ul \ < 1 , and \q~ 2k \ > 1 is 

„-A,-A-. + 2 ( q^ q 2k )(q 2k ;q 2k ) 


■^2k\U(q, X,u),n,k) 


dt 


-n q Mt-,q~ 2u ,q 2k ) 


9 0 (tq 2fJ ’;q 2k ) 9 0 (tq 2X ;q 2ul ) 


y (q- 2 ^- 2 -,q 2k )(q 2 ^- 2 + 2k -q 2k ) J Ct 2mt q ’ 9 0 (tq 2 -q 2k ) 9 0 (tq 2 ; q~ 2 “) ' 

where C t . contains poles inside \t\ = 1 except t = q 2 and excludes poles outside |f| = 1 except t = q~ 2 . 
Proof. Dehne u(q, A, oj, /x, k ) = q Xk+x+k+2 u(q, A, w, fj,, k). By definition, we have 


l(q,X,uj,n,k) = 


1*1 


dt (tq 2 ; q 2k ) 9 0 (tq 2 ^-,q 2k ) 1 - tq 2X \ ^ 2 nu.m f , \ ,, 

=1 27 rit (tq 2 -,q~ 2k ) 9 0 (tq~ 2 ; q~ 2k ) 1 — tq~ 2 ^ n ’ m 


n> 0 m=—n 
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By Lemmas 3.3 and 3.4, we have on a formal neighborhood of 0 in q 2 ^ that 

{q -2k. q -2 k ){q 4. q -2k) ^ ^ 

(q2/i+2. q-2k')(q-2 t i+2-2k. q-2k^ A ’ 


= -£< 


n ( n — 2u— 2— 2k. rt —2k\ i _ „2A+2 n —2ii+2—2km i J2\—2ii—2km 

E 2m VJ_ _ - ( 1 )m 1 ( 1 _ ( l _ ■ H _ n \ h.\ 

0. , „-2u.+2-2k. „-2k\ 1 ~— 2ii. — 2 — 2km. Jn,m{q,A,K) 


n> 0 


^q-2fi+2-2k. q-2k^ 


^ _ q—2[i—2— 2km 


n ( rt 2ii-\-2-\-2k. rt 2k\ 2[±—2-\-2km „2A+2^+2fcm i , n 2A-2 

= n~ 2nul _ ,q ,m q _ Zl _ ~ 1 + q f ( n \ M 

— y q 2^ q /~2u-24-2fc. „2fc\ 1 „2uA2A2fc-m. Jn,m\M 


= q 


= q 


= q 


n>0 m=—n 

4 (q~ 4 -,q 2k Kq 2k ;q 2k ) 


^q-2[i-2. q2k^q2[i-2+2k. q2k ) 

(g~ 4 ; q 2k ){q 2k ', q 2k ) 

^q-2[i-2. q2k^q2[i-2+2k. q2k ) 

(q- 4 -,q 2k )(q 2k ;q 2k ) 


^q2[i-2-\-2k. q2k^ 1 _ q2[i+2+2km 

n 

Y. q ~ 2Un E fn,m(q,\k)I' m 


n> 0 


m——n 


J 2 q -^nJ 2 f nim (q,x,k) 


n> 0 


dt (tq 2 ;q 2k ) 9 0 {tq 2/i ; g 2fe ) 1 - tq 2, 
“ Ct 2mt (tq~ 2 ;q 2k ) 9o(tq 2 ; q 2k ) 1 — tq 2 


m=—n 

dt (tq 2 ;q 2k )e 0 (tq- 2 ^-,q 2k )l-tq 2X 

YJ\t,q, X,u,k). 


{q~ 2 ^~ 2 - 1 q 2k ){q 2 f J -~ 2+2k - 1 q 2k ) J Ct 2nit {tq~ 2 ;q 2k ) 9 0 (tq 2 -q 2k ) 1 — tq 


Thus, the coefficients of each formal expansion in q~ 2u have the same analytic continuations as formal series 
in q~ 2 ^ and q~ 2k for the first and formal series in q 211 and q 2k for the second, so the above equality holds at 
the level of formal series in g~ 2 “ with coefficients which are rational functions in q 2 ^ and q 2k . Substituting 
the quasi-analytic continuation of f(t , q , A, w, k ) from Lemma 3.5, we conclude that 


0 q- 2k ;q- 2k )(q 4 ;q ~ 2k ) , . . .. ,, 

(q2 M +2. q -2k^q-2!j.+2-2k.q-2k\ u \ q ’ A ’ w ’ K > 


= q 


0 q- 4 ;q 2k )(q 2k ;q 2k ) 


dt ( tq 2 ]q 2k ) O 0 (tq 2tJl -q 2k )l~tq 


2 A 


= q 


(g- 2 M- 2 ; q 2 k^q 2 fi- 2 + 2 k. q 2 k^ 2 nit ( tq ~ 2 ; q 2k ) 9o{tq 2 -q 2k ) 1 — tq 2 

{tq 2 q~ 2u q 2k ; q ~ 2u , q 2k ){t~ 1 q 2 q~ 2ul ; q~ 2w , q 2k ) (tq 2X q~ 2uj ; q~ 2u ){t~ l q~ 2X q~ 2ul -,q~ 2ul ) 
{tq~ 2 q~ 2ul q 2k ; q ~ 2u , q 2k ){t~ 1 q~ 2 q~ 2ul ; q~ 2u ,q 2k ) {tq~ 2 q ~ 2ul ; q~ 2uj ){t~ 1 q 2 q~ 2ul -, q~ 2uj ) 

dt „ o^ 9 0 (tq- 2 ^,q 2k )9 0 {tq 2X - : g- 2 “) 

9 0 (tq 2 ;q 2k ) 9 0 {tq 2 \q~ 2ul ) ’ 


0 q~ 4 ;q 2k )(q 2k ;q 2k ) 


{q-2/j.-2.q2k^q2 l j-2+2k.q2k'j J c ^ 2nit q 

which implies the desired. 

Proposition 3.7. The quasi-analytic continuation of 

0 q~ 2k -,q- 2k )(q 4 ;q ~ 2k ) 




□ 


^q2fj,+2. q-2k^q-2 t j,+2-2k. q-2k ) 


■^ynru{q, X,u},fj,,k) 


to |g| > 1 , |g 2aj | < 1, and |g 2k \ > 1 is 
„-x»-x-» + 2 (g~ 4 ;g 2fc )(g 2fc ;g 2fc ) 


{q~ 2 ^~ 2 - qr2fc)(q2/i-2+2fc; ^2fc) 27rit 


dt 


-n q - 2 {p iq - 2 “,q 2k ) 


9p{tg 2/J ; g 2fc ) 9p{tq 2X ; q 2 “) 
9 0 {tq 2 ;q 2k ) 9 0 {tq 2 -,q~ 2ul ) ' 


Proof. If we view g, g -2 “, g _2fc , g 2A , and g 2 ^ as algebraically independent variables, the integrand of Propo¬ 
sition 3.6 depends meromorphically on q and t and verifies the conditions of [RailO, Theorem 10.2], hence 
our modification of the integration cycle yields the desired meromorphic extension of the quasi-analytic 
continuation of Proposition 3.6 to |g| >1. □ 


4. Free field realization and g-WAKiMOTO modules for U q { sl 2 ) 

Our approach to computing the traces of intertwiners is to realize Verma modules for U q { sl 2 ) as q- 
Wakimoto modules. In the free-held realization of [Mat94], we apply the method of coherent states to the 
expression for intertwiners given by [Kon94b] to obtain contour integral formulas for the traces. In this 
section we formulate the necessary vertex operators for this free held realization. 
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4.1. Fock modules for U q (sl 2 ). Fix a level fc. For * £ {a, a,0}, define the Heisenberg algebras ff* to be 
generated by {*„ | n £ Z} with * 0 central and relations 




= <5, 


n+m, 0 " 


[ 2 ?n] [fcm] 


^n+m ,0 


[ 2 m] [fcm] 


[0mj0n] — & n+m,0 


[ 2 m] [(fc + 2 )m] 


Each Heisenberg algebra is the direct sum of the subalgebras if* >n generated by and * n for n > 0. Define 
the bosonic Fock space Jv j(J to be the highest weight fcf*-module generated by a vector so that 


*ov+, a = 2am,a for * £ {a, (3} and a 0 r s , a = -2av a , a - 
We define also the action of q s so that 

q S *rn q~ S = q m *m for * £ {a, a , 0} 

and q s v- k ^ a = for all a. Each bosonic Fock space admits the tensor decomposition 

^k,a — ^ 

n> 0 

where o = Cu* !a and for n > 0 is the Fock space for H+ n . Define tensor products of these Fock 

spaces by 

F ■— Fs,a ® Foi,bi ® F 5,62 and 3F a ,6 ■— F a,£>,{>. 


4.2. g-Wakimoto modules for U q ( sfe) and the free field construction. The g-Wakimoto module W M) fc 
of level fc is defined by 

W^h ■= ker ^770 : Fu,s —> F u, s +i^, 

S S 

where r/ 0 is the zero mode of the operator r)(wo) = Ylmez m_1 °f Subsection B.l. In [Mat94], a free 
field representation of U q (sl 2 ) on W^k was given in terms of the vertex operators listed in Subsection B.l, 
and was identified with a Verma module for U q (s\ 2 ) at generic /i and fc. 

Proposition 4.1 ([Mat94, Proposition 3.1]). There is a t/ g (s( 2 )-action n' fI on W^k given by 

7r^(ei)=^, ^(fi) = x 0 , <( q hl )=q ao , 

7r ^( e o) = q~ a ° 1 = q ao x\, ^(q ho ) = q k q~ ao , q d ) = q s ■ 

Proposition 4.2 ([Mat94, Corollary 4.4]). For generic n and fc, we have an isomorphism of U q (. sfe) modules 

— -^2/ip+fcAo = p.fc- 

The following g-Sugawara construction for Lq gives the action of q s on Fock space in terms of the free 
field construction. 


Proposition 4.3 ([Mat94, Equation 3.13]). For the operator Lq defined by 

\ ' m 2 . _ _. 1 / 2 - 2 \ \ ' m 2 Q 0 

0 = [ 2 m] [km] ~ a ~™ a ™) + ^(“o " “ 0 ) + [ 2 m] [(fc + 2 )m] P ~ m ^ m + 


1 

4(fc + 2) 


(0o + 20o )> 


we have 5 + L 0 = M )f +2 on 7), jmi , TO2 . 

Finally, to compute traces in the free field realization over VT^fc, we require the following reduction to a 
trace over the big Fock space. 


Proposition 4.4 ([Kon94a, Section 6 ]). For an operator 0 : F^ iS — »• which preserves we 

have Tr|^, fc ( 0 ) = Tr| 0 ^ j? e (V o 0 ), where V is the projection onto W^k defined by 

_ / / dwdz 1 

P:= ff 

where the contours are loops enclosing w = 0 and z = 0 . 
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4.3. Vertex operators and Jackson integrals for intertwiners. We use the vertex operator expression 
for intertwiners of [Mat94], which we summarize here. For the map <pj(z) : J> )TOl>m2 —> 

defined by (B.l), define maps <pj, m (z) by t fij,j{z ) = <pj(z) and 

$ 3 ,™— 1 ( 2 ) := |_ [ < A?. m ( 2 )’ *o ]q 2m ' 

Let also The Jackson integral of a function /(f) for a period p on the cycle s is the formal sum 

/W^:=E /(«■”)• 

n£Z 

Recall that a quasi-meromorphic function is a function of the form /(t) = t a g(t) for some a £ C; if g(t) is 
defined on an open domain and g{t) is a meromorphic continuation of git), outside that domain, we say that 
fit) = t a ]j{t) is the meromorphic continuation 3 of f(t). We will sometimes consider the Jackson integral of 
a quasi-meromorphic function /(f) which is defined only on a subset of the range of the Jackson cycle. In 
these cases, we interpret this notation with /(f) replaced by its meromorphic continuation to a branch of t a 
along the Jackson cycle. 

Proposition 4.5 ([Mat94, Theorem 5.4]). For p = q 2k+A , any r < v, and Jackson cycles si ,s T for which 
matrix elements on a£] of the Jackson integral expression 

ps i-oo rs T ■00 __ 

z A v+ A "- A »+"-t / ... ^2 S( fi) • • • S{t T )(p^ v - m {z) <g) W 2m -2v d p t i • • • d p t T 

Jo Jo \n 

m> 0 

converge for a < A, they coincide with matrix elements of an intertwining operator M 2p ,,k -4 M 2p + 2v _ 2T: k®L 2h ,(z). 

Remark. In [Mat94, Theorem 5.4], the content of Proposition 4.5 is stated with Mf_ 2v (z) in place of L 2 „{z) 
and with 2u not an integer. To obtain Proposition 4.5, note first that the proof of [Mat94] via [Mat94, 
Proposition 5.3] applies for Mf, 2v {z) for all values of 2u, meaning that matrix elements of {z) coincide 

with matrix elements of M 2p ^ —> W 2/J+2v - 2Tt k l S)Mf_ 2u {z) when they converge. The degree zero part therefore 
consists of matrix elements of an intertwiner 

ip '■ M 2p —> M 2p +2v- 2T (3)Mf_2i, 
of U g (sl 2 )-modules. Now, we may find another intertwiner 

ip' '■ M 2p -A- M 2p+2u _ 2T ®L 2l , M 2p+2l/ - 2T ®Mf_ 2 i, 

with the same highest weight matrix element as ip. As intertwiners M 2p —> M 2p + 2v _ 2T ®Mf_ 2 V , we then 
have ip' = ip, hence matrix elements of ^ p + l f~ T i z ) coincide with those of the intertwiner associated to ip' 
by [EFK98, Theorem 9.3.1]. In particular, it factors through the submodule L 2u {z) of yielding 

Proposition 4.5 as stated here. 

Remark. In [Mat94, Theorem 5.4], it is shown that the operator S'(fi) • • • S(f T )</Vi/-m(z) converges and 
commutes with the operators implementing the I/ g (s[ 2 /action of Proposition 4.1 up to total < 7 2fe+4 -difference 
in an open region for t\,... ,t T . This implies that the same is true of its meromorphic continuation along 
the full Jackson cycle, allow us to interpret Proposition 4.1 with this meromorphic continuation. 

4.4. Convergence and normalization of vertex operator expression for intertwiners. We now show 
that the Jackson integral in the vertex operator expression for the intertwiner of Proposition 4.5 converges 
in a certain region of parameters when v = r = 1 and the Jackson cycle is chosen to be Si = zq~ 2 . Consider 
the parameter region 

(4.1) 0<|g- 2 ^|«r 2 fc |«|g|,k|- 1 . 

For the rest of the paper, we use x {z) to denote the intertwiner of Proposition 4.5 with this Jackson cycle. 

We first show in Proposition 4.6 that the matrix element of the highest weight vector converges and compute 
its value. For convenience, we use the notation n := k + 2. 

3 We use the term meromorphic continuation instead of quasi-meromorphic continuation to avoid confusion with quasi- 
analytic continuation. 
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Proposition 4.6. In the region of parameters (4.1), if v = t = 1 and si = zq 2 , the diagonal matrix 
element of the Jackson integral for a ( z ) on the highest weight vector of M^^.k converges and equals 


C„, i := 


-(1 + q 2 )q 2 ^ 3 q 


4m + 4 


Q q- 2K ;q ~ 2K ) y+;<r 2K ) 
(g-4/4-4; g- 2 «) (< 7 4 ;q _2K ) 


Proof. For |t| > | 2 g 4fc |, we may choose contours C WjC around w = 0 so that for w € C WiC , we have |£| > \wq bK \ 
for all c, \w\ < \zq k \, \zq k+i \ for c = 1, and |ty| > \zq k \,\zq k+4 \ for c = —1. Define also a cycle C w = 
C w -\ — C Wj i around zq k and zq k+4 but not 0. Applying Proposition 4.1 and substituting (B.2), we find for 
p = q 2k+i that 


Cu 1 — if 0 ii'Wi 


r A i r zq •°° r rhn inn~ 2c — -*n k + 2 

ZP" 1 ) - " - / d P t( f c g 2b w _ zg fc+2+ 2b : M*)Xb(w) : 


(9-9" 1 ) 

2 Al 


fc,ce{±i} 


/o 


£ <-+ 


be{±i} u 

dw _^ 2h iu( 9 _2 - <? 2 ) 


x 27 ri'ie w — Z q k + 2 + 2b 


dpt ( ~ L ^ q2b w-Zq k + 2 + 2b S{t) ■ Mz)Xb H 1 V ^ 

( v l,w> s (t) : M z ) x b(w) : 


Denote the first term by C^yi and the second by Noting that \t\ > \zq 2 \, |zq 2 |, for all w € C w , 

we have by the OPE’s in Subsection B.2 that 


2 (zt l n 2 ‘ n <2k,s \ f — n)n^ k ~^~^ b a 

(v;^,S a (t) : <fi(z)X~{w) : 0= r “ L-ia' lnn ,b 1 


(zt~ 1 q 2 ]q~ 2K/ ) t — wq nb w — zq K + 2b 


2b wq 2 -zq« 


Applying meromorphic continuation to all t on the Jackson cycle, we may substitute and take the poles at 
w = zq K+2b to find that 


e-.u = - 


2 ^ ^ . 2 -.-6 f zq 00 dpt f dw 

ra+E' ' 1 l -riss 


t -^Z±l a + 2b + 2b kt 


2/x+2 

Z * 


= “ “TTY E (-1) 

n — n 1 L ^ 


9-9 


be{±i} 


(2f-y 2 ; 9~ 2k ) £ ~ wg ( fc+1 ) b - a wg 2 - 2g K 
(zt~ 1 q 2 \q~ 2Kj ) t — wq Kb w — zq K+2b 
i_± r zq 2 '°° t q 2b + 2b P 2 _ _ 26 

7o t (2t-y;g- 2 «) t-*g«+(»+2)6 W 9 j 

4 .—1 2 . n —2K\ 


19 9 J9 y 0 t (2f-y K + 2 ;( r 2K ) 

(_4„-4)n (q~ 2Kn ;q~ 2K ) 


= -(9 + 9- 1 )9 2 ' 1+2 9^E 


n>l 


(q 4 q~ 2Kn q 2ft ; q~ 2K ) 


-i,-2u-2„**±±(q 2k ;9 2k ) v- „(_4 u- 4 )t. 2K ) 


= -(9 + 9 )9 M 9 


(9 4 ;9" 2k ) 


E' 

n>0 


(9 _2k ; 9 _2K ) r 


V 9 ;9 9 y 4 ^- 4 ;^ 2 -) (g 4 ;g- 2 «) ’ 
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where convergence holds because we are in the region (4.1). For C^pp, the contour C w> 1 contains only poles 
at w = 0 , which vanish by the manipulations 


C M ,2 = - 


(■ q~q- 1 ) 2 


E (-D 3 


r zq 2 '°° dLt 


a,66{±l} 


a p l 1 dlU a +2b+2bfi 

-LI O_ • 2 


27 xi 


_ - 2,1 + 2 ■ s —^ ] 
= {q + q )z » E ( _1 ) 

fee{±i} 

= 0 . 


(zt l q 2 ;q 2k ) t — wq < - k+1 ' )b a (q 2 — q 2 ) 
{zt~ 1 q 2 \ q~ 2K ) t - wq Kb w - zq K+2b 

1 =* r zq - 2 °° dpt r dw (zt-iq- 2 ^- 2 *) t t-^q 2h + 2b » 


t J Cwl 2ni ( 2 t" 1 g 2 ;< 7 - 2K ) t — wq Kb w - zq 




The result follows because C M p = C^pp + C Mj ip = C M pp. 


□ 


We would like now to relate $^( 2 ) to a multiple of 4 > “ / )’ fc (z)- Because the space of intertwiners has 
dimension 1, the constant of proportionality is constrained to be C^p. Unfortunately, it is not true that 
all matrix elements of <fU 1 (z) converge simultaneously in any open neighborhood of 0 in q~ 2fl . Instead, we 
show in Proposition 4.7 that in each degree, matrix elements of the the Jackson integral converge on a open 
neighborhood of 0 in q~ 2 ^ dependent on degree and coincide with matrix elements of the intertwiner. This 
will suffice for our later computations. 


Proposition 4.7. If v = t = 1 and si = zq 2 , for each A > 0, there exists an open neighborhood of 0 in 
q~ 2 ^ so that in the region of parameters (4.1), matrix elements of the operator <f>(( ± (z) on the space 

M^ t k[—aS] 

a<A 


of vectors of degree at least —A converge and equal matrix elements of (7 M p4 > ^^( 2 ). 

Proof. By Propositions 4.1 and 4.2, every matrix element is a finite linear combination of expressions of the 
form 


(4.2) 



'°°d t 

LL P L / * 

£ W/UAC/i 


i =1 


l 

x o ]<? 2 n x bj v p.p.p) ■ 
3 = 1 


for some choice of m, l, and a,i,bj,Ci,dj. Notice that 


S{i)[(j)i{z),x Q ] q 2 = S(t)4>i(z)x 0 - q 2 S{t)x 0 <p 1 (z) 

= S(t)<f>\{z)xQ - q 2 x^S(t)(t> 1 {z ) - q 2 [xQ ,S(t)](t>i{z). 


By the OPE’s of Subsection B.2, we have 

S(t)<t>i(z) = : S ( t )Mz) ■ \t\ > \zq 2 \,\zq~ 2 \ 

and by Lemma B.l, we have 


: [x Q ,S(i)]<M 2 ) : = 


1 / 2 (fg 2 q 2K ;q 2k ) 

(q-q-^A (f q 2 q 2 K ;q~ 2K ) 

t-z m ’ q L - 2 

(f q 2 ;q~ 2K ) 9 


q 2 : U(t)Y-(tq- K )W + (tqA-Z)-i W+ (tqA)-i Mz ) 
: U(t)Y~ (tq K )W- (tq^ +2 )~ 1 W— (tq^) -1 (f>i(z) : 


These computations imply that UT=1 X< a\S(t)[(t)l{z),X 0 ] q 2 UU xfr 3 is a linear combination of expressions of 
the form 


( z „-2 „2ks. 2k\ 

,-4 KjQ Q .9 ) 

(Zq 2 q2K, s .q-2K.) 


:U(t)F(t)Mz) 


i— 1 


n 

1=1 
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for s > 0 and F(t) a q -vertex operator whose degree 0 term does not contain t^°, t a °, or t a °. Observe now 
that 

i 


(■* 






_a (|q 2 q 2KS ;q 2k ) 
(jq 2 q 2KS -, q~ 2K ) 






n 

3 =1 


d 

Xk.V. 




) =* 


n n ( z ri —2J2KS. „-2k 

_ 2 H ± 2 {jq q ,q 




2 /y2/^s ■ 2k 


g(t) 


for some Laurent polynomial g(t). The Jackson integral of this expression converges on a neighborhood of 0 
in q~ 2fl depending on the maximum degree of g(t). By Proposition 4.1, matrix elements in degree at least 
— A are computed with ITy-i x 'b' v i‘,iei‘ °f degree at most A + 1 in F lt , meaning that in degree A, we have 
deg g < A + 1. This implies that deg g(t) is bounded for matrix elements of degree bounded below, hence 
the neighborhood of 0 for q~ 2fi may be chosen uniformly in degree. 

Because the space of intertwiners is one-dimensional, the matrix elements of 3>^j.(z) are determined 
as the unique solutions to a system of linear equations expressing the intertwining relations. Therefore, if 
matrix elements of C~\ ± (z) of at least a fixed degree converge in some region, they coincide with the 


corresponding matrix elements of k( z )> giving the claim. □ 

5. Contour integral formula for the trace in the three-dimensional representation 


In this section, we combine the tools we have assembled to give a contour integral formula for the trace 
function in Theorem 5.1. First, we use the free field realization of Section 4 to represent the trace function 
as a Jackson integral of an iterated contour integral via the method of coherent states. We then simplify the 
integral and identify the formal expansion of the Jackson integral with the expansion of a renormalization of 
the Felder-Varchenko function computed in Section 3. The contour integral formula for the Felder-Varchenko 
function then yields convergence of the trace function and our desired integral formula. 


5.1. Statement of the result. We will compute the trace T w ° (q, A, w, /jl, k ) of (2.1) when V = 1*2 (z) is the 
irreducible three-dimensional evaluation representation of U q (sl 2 ). Recall it is defined by 

T Wo {q,X,U}, g,,k) := Tr| M(M _ 1)p+(fc _ 2)Ao (*““ hk - 2 (z)q 2Xp+2 “ d ) . 

Define the good region of parameters to be the region with 

(5.1) 0 < \q~ 2 “\ « I<r 2 H «l<r 2A |« \q~ 2k \ « \q\, M" 1 . 

Notice that this region includes the region (4.1) on which we have shown convergence of the vertex operator 
expression for the intertwiner. Our main result is the following computation of the trace function. 


Theorem 5.1. For q 2/i and then q 2u sufficiently close to 0 in the good region of parameters (5.1), the 
trace function converges and has value 


T”°{q,\,u>,n,k) = 


q \n-\+2( q -4. q -2wj 


(q 2k -,q 2k )(q 4 q 2k ',q 2k ) 


0 o (q 2X ; q -^)( q ^- 2 q - 2 u. g-2«)( 9 -2A-2. g -2 U ) (g- 2 ^+ 2 . q - 2 k^ q 2 „+ 2 q - 2 k. q -2k ) 


(q 2u,+2 \q 2ul ,q 2k ) 2 
( q -2»-2 ;q -2u jq -2k)2 


dt 

27 rit 


-2a; ~—2k \ ^0 (fd 2k )0 O {tq—,q 


,2A. ~— 2 uj \ 


ft q2 (t,q- 2 “,q- 2k ) 


0 0 {tq- 2 ;q- 2k ) 


do (tq-^q-^Y 


where the integration cycle C t is the unit circle. 


5.2. Structure of the proof of Theorem 5.1. We now outline the proof of Theorem 5.1, which occupies 
the remainder of Section 5. We will compute formally the trace of the free field intertwiner 1 (z) in two 
steps. First, we compute it as a formal series in q~ 2uj and then q~ 2fl in Proposition 5.3, for which we work 
in the doubly formal good region of parameters 

(5.2) 0 < |<7 -2A | « |<Z _2fe | « |<?|i 

This computation proceeds through the method of coherent states applied to the free field construction 
summarized in Section 4 and some intricate contour integral manipulations which hold for parameter values 
in (5.2). We then show in Proposition 5.11 that the result of Proposition 5.3 converges as a formal series 
in q~ 2u> and then q~ 2fJl . The proof of Theorem 5.1 follows by matching this expansion with that of the 
Felder-Varchenko function in Proposition 3.1 and then applying Proposition 2.6 and the integral expression 
for the Felder-Varchenko function to show that the resulting equality holds for small numerical values of 
q ~and q~ 2u in the good region (5.1). 
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Define the trace of the Jackson integral by 
(5-3) S(g, A, w, /x, k) := Tr| M2)ip+fcAo , 

where the quantity on the right does not depend on z. It is related to the trace function in the doubly formal 
good region as follows. 

Lemma 5.2. In the doubly formal region, as formal power series in q~ 2ul and then q~ 2 ^, we have the equality 

T W0 (q, A, u>, /x, k) = ^ s(g, A, w, k - 2 ) , 

where C M> 1 is the normalizing constant of Proposition 4.6. 

Proof. This follows from the identification M^pp+kho = Wp,k between the g-Wakimoto module and the 
Verma module and the fact that Proposition 4.7 shows ^z) = C , ^,i^ 2 u k( z ) as formal series in q~ 2u> and 
then g -2 ^ in the doubly formal good region. □ 


We now state and give integration cycles for Proposition 5.3, which gives a formal computation of the 
trace function. Its proof occupies Subsections 5.3 to 5.9. Recall the notation k = k + 2. 


Proposition 5.3. In the doubly formal good region of parameters (5.2), as a formal series in q 2u , the trace 
function S(g, A, w, /i, k) has formal Jackson integral expansion 


1 ( 9 , A, w, /x, k) = C(A, n) J -?-t 


dmt 2 (M + X) 

r +-;— 


IV(t;g ,g" 2K ) 


for p = q 2K and 


C{ A,/x) = 


ry2Xfi 2 n 2 ^'q 2a; ^ 


9 0 (tq 2 ;q- 2 K)9 0 (t q 2 ^q- 2 “) 

6o(tq- 2 -,q- 2 -)6 0 (tq- 2 ;q~ 2 “) 


(g 2w+2 ;g 2tJ ,g 2k ) 2 


q — g -1 0o(g 2A ; 2< ^)(<7 2A— q~ 2ul )(q~ 2X ~ 2 ; q~ 2ul ) {q~ 2u ~ 2 \ q~ 2u , q~ 2K ) 2 


Remark. Although the Jackson integral involves summation of the integrand at values of t where the one 
loop correlation functions from the method of coherent states may not converge, we may replace them by 
their meromorphic continuations in these regions. 


5.3. Definition of integration cycles. We now define integration cycles for parameters in the doubly 
formal good region of parameters (5.2). First, for numerical g _ , define the good spectral region S c by 

(5.4) \w 0 \ » M » \tq k \,\tq~ k \ » \zq k |, \zq k+ % H > \z\ » 

and 

f |w| < \zq k \,\zq k+i \ C= 1 
\|U)| > \zq k \,\zq k+i \ C = —1 

By a 6 , we mean that f > |g 100A |, |g 100fc |, |g 100 | so that for each instance of g CA , q ck , or q c which appears 
in our formulas, we have f > |g CA |, |g Cfc |, |g c |- Notice that if (t, zo, w 0: w) lies in the good spectral region, 
then all requirements for convergence of one loop correlation functions in Table 1 are satisfied. Now, define 
the formal good spectral region S c to be the region of spectral parameters satisfying (5.5) and 

(5.6) |tool » N » 1*9*1, \tq~ k \ » \zq k |, | 2 g fe+4 |, \w\ > \z\, 

where we use in the same way as in (5.4). If (t, zq, wq, w ) lies in the formal good spectral region S c , then 
for q~ 2u sufficiently close to 0 it lies in the good spectral region S c . Therefore, on a formal neighborhood 
of 0 in q~ 2u> , if the spectral parameters lie in the formal good spectral region, then the requirements for 
convergence of one loop correlation functions in Table 1 are satisfied. 


Lemma 5.4. In the formal good spectral region and the doubly formal good region of parameters, we have 
\zq\ > |u>g h(fc+1) |, |fg -a | and Kg- 2A ” b+a | > |xcg 6(fe+1) |. 


Proof. This follows from (5.6) and the definition of ^>. 


□ 
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Lemma 5.5. There is some R > 0, so that for t lying in the open region C t = {|i| > R\z\] and any 
q,q~ 2X 1 q~ 2k in the doubly formal region of parameters (5.2), we may choose circular contours C Wo , C Zo , and 
C WjC enclosing 0 so that for zq € C 20 , wo € C Wo , and w £ C w>c , the spectral parameters (t, zo, wo , w) lie in the 
formal good spectral region. 

Proof. We take the contours to be nested circles around the origin with radii obeying (5.6). The only obstacle 
is that the relations \tq k \, \tq~ k \ |w| and |w| > \zq k \, \zq k+i \ must simultaneously hold on C w i, which is 
possible for \t/z\ sufficiently large, as needed. □ 


Remark. For the rest of the proof of Proposition 5.3, we will compute the integrand of the Jackson integral 
by meromorphic continuation from the region Ct ■ 


5.4. Reducing to a trace over Fock space. Assume now that all parameters he in the doubly formal 
good region of parameters. For t in the region Ct of Lemma 5.5, fix spectral variables on the cycles C Wo , C Zo , 
and C w , c of Lemma 5.5 so that they lie in the formal good spectral region. By Propositions 4.2 and 4.4, we 
have 


'-(q, \u,n,k) = ^2 Tr l^ 

= E 

SE/^^Z L ' W 0 


dwodzo 1 


(27 ii) 2 z o 


dwodzo 1 
c 2n ( 27r *) 2 z 0 


v(mmzoW, 1 (z)<? Xp+2ud ) 

TV| ^(v(™ 0 )ttzo)^ 1 (z)q 2Xp+2 “ d ) 


since cycles C Wo and C Zo enclose wq = 0 and zq = 0. 


Remark. The interchange of sum and integral is valid when 

TV|^, s (^K)C(^o)^, 1 (^)? 2V+2 “ d ) 

is convergent, which holds for our choice of contours. 


Recall that we identified C ■ wq — C. Using S±i and X ±1 to denote S± and X ±, we obtain by the free 
field realization of Proposition 4.1 that for p = q 2K , we have 


^\^(d(w 0 )azo)^dz)q 2Xp+2u]d ) 


(q-q-^Z 


E 

a,,bE{=tl} 



^Tr|^, s ( ? K Wo )e(^o)54i)[0iW,X & -H] 9 ^ 2Ap+2 ^), 


where C w p applies for < pi(z)X b (w) and C Wi -i applies for X b (w)(j)i(z). Putting these observations together 
and noting that (B.2) applies for parameters on the chosen contours, we obtain 


S(g, A,w,/x,fc) 


(9-9 - 1 ) 2 


E (-D^ 

a,6,cE{=fcl} 



dwodzodw 2 b w q 2c — zq k+2 
(2Tri) 3 zoZW^ w - Z q k+2+2b 


^W.s{ r l( w o)£.(zo)S a {t) : Mz)X b (w) : q 2X P+ 2 “ d ^ 


where the OPE for (f>± (z) and X b ( w ) is valid on a formal neighborhood of 0 in q 2u because the parameters 
lie in the formal good spectral region. 


5.5. Applying the method of coherent states. We now use the method of coherent states as applied in 
[KT99] to compute 

T a ,b ■■= Tr|^ iS (j](wo)£(zo)S a (t) : <j>i(z)X b (w) : 5 2Ap+2 “ d ). 

Note that each Fock space takes the form 


^u,s — 6,fi ® 1 


* cx,s — 8,[i,m ® a,s,m ® DL,s,m 

m> 0 

and that each mode involved in our vertex operators acts only in a single tensor component. Define 

ro ._T_ 

m> 0 


^,s := o ® •Fa,8, 0 ® T(_ 


F8,[i,m ® *f~ot.,s,m & FOL,s,vn 
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so that ,F M)S = pf} <S> and T a ^ is the product of traces over s and We compute the trace 

Tr|jro ^ over J 7 ® s in Subsection B.3. By Corollary B.4, the trace over is a product of one loop correlation 
functions 

Tpq := (q- 2u ;q- 2 n 3 L[ Tr l( P(z)Q(w)q 2ud ) 

m> 1 

for each pair of vertex operators P(z) and Q(w) appearing in the free field realization and a global factor 
T g = (q~ 2u -q~ 2w )^ 3 coining from collecting the prefactors in Corollary B.4 over m > 1 for each of a, a, 
and /3. In Subsection B.4, we compute these one loop correlation functions and their regions of convergence, 
with results recorded in Table 1. From these computations, we conclude that T a ^ is convergent with value 


T i _ rp I rji rji rj~\ rji rj~\ rri rji rri rri rri rri rri rri rri rri 


for wo,zo,w lying on the specified cycles and t € Ct- Substituting the values of the degree 0 trace and the 
one loop correlation functions from Subsections B.3 and B.4 to compute T 0 j b, we obtain 


i(q,X,u,n,k) 

r Ai 


(q-q- 1 ) 2 

z 


E (-i) 2 ^ E 


r zq '°° d p t 


a,6,cG{=tl} sG/x+Z ® 

Al (q~ 2u+2 ; q~ 2u , q -2 ”) 2 (q~ 2ul \q~ 2u] ) 


dwpdzpdw 2 b wf l 2c — zq k+2 


P V 1 J J U,W0U,4,QUW 2b u, y ~ rp 

t Jc wc fc wn Jc zn (.2m) 3 z 0 zw q w-zq k+2+2b °" b 


(.q — 9 -1 ) 2 (q~ 2ul ~ 2 ; q~ 2ul , q~ 2K ) 2 ( q ~ 2u ~ 2 ; 5 _ 2 “)(<7 _2 ‘‘ ;+2 ; q~ 2u ) 


E (-D 3 


a,£>,cG{± 1} 


E 

sG Z 


f,2 «' 2 ' 00 d p t 


dwpdzpdw j 2 \+b-g)s+(a+b)u+a+ 2 b ^-p+s^.p-s-l 


Oo (^; g-*-)' 

xw o / 


t J Cw , c Jc wo Jc ZQ ( 2iri) 3 z 0 zw 

Op(±q- a -,q- 2 “) 0 o (ig b (fc+D ;g - 2 ^ 

Op (^<r°;<rE o 0 (f <7 h ( fe+1 );<r 2 - 


<-0 


flo(T -q ak -.q- 2 ^) 

8 0 (fq a(k + 2) ;q- 2 “) 

1 


a = b 

a^b 


( W , 

(-^q k q- 2 “;q~ 2 “) 

(2L q k+4 q -2u. q -2u,) 

;f q- k - i q- 2u ’-,q- 2i 




)(V;,r 2K M)(t<r 2 ;<r 2 ") 


■t „-2u ^-2K.\ a o\ z q >y ru\t' 


Op(kq~ 2 -, q~ 2K )0p(jq 2 -, q~ 2ul ) 


b — 1 wq 2c — zq k+2 
fj — w — Z q k+2+2b 


Changing the index of summation to r = n — s, we can simplify this expression to 
S(g, \,u,n,k) 

(q~ 2ul+2 ; q~ 2ul , q~ 2ft ) 2 (q~ 2ul ■ q~ 2ul ) 


1 

(.q - q - 1 ) 2 {q- 2 “~ 2 ;q - 2 “, ^ 2k ) 2 (<r 2 ^” 2 ; cr ^)( q -^+2. q -2^ 

dwpdzpdw 


q^ X ^ E (- 1 )' 

a,6,cG{±l} 


rzq 2 00 d v t 


1 Jc m , c Jc wn Jc zn {^ifzpzw 


E 

rez * 

Oo(i;q- a ;q- 2ul ) Op^q^+V■ q 

o 0 (£<r°;<r 2 ") o°(^<i Hk+1) ;q- 2 “ 


q 2b^a + 2b t -^ q (-2X-b + a)r z -r w r-l e (^. q -2u\ 

\Wo / 


—2uj 


^MU 2 ^~ 2K )0p^q- 2 ;q- 2 n 


O ( • 2 a; —2k\ 

,q ) a. ft „- 2 .„- 2 k 


00 (f q°< k +2);q-2») a — b 

1 a^b 


({bq q u \q ) 

k-\-4q — 2u .q — 2u> 

(f q - k - 4 q- 2 '“;q- 2 “) 


b = 1 


6 = —1 w-zq 


Op{~q~ 2 \q~ 2K )0piyj q 2 \q~ 2u ) 


i — 2 c _ gqk-\-2 

_ —|—2 —|—2 fo 


(f q- k q~ 2 “;q~ 2 “ , 

We now simplify the expression by performing the integrals over zp, Wp, and w in that order. 


5.6. Computing the z p contour integral. We apply the following complex analysis lemma. 
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Table 1. Values and regions of convergence of one loop correlation functions 


Corr. fn. 

Value 

Region of convergence 



Tt]£ 

0 o ( 

^ 0 --n~ 2u ) 1 

w 0 ’ q ) 

\w 0 q 2w | 

< \zo\ < |wo| 



T v S a 

00 ( 


\w 0 q~ 2u \ 

< \tq~ a \ < |io 0 | 



Tv<l> 

1 


all 




T 

1 vX> 

00 ( 

UI b(k+l). - 2 u\ 

wo 1 ’ q ) 

\w 0 q~ 2u \ 

< |u;g (fe+1)b | < |«j 0 | 




00 ( 

-Lq-o-q- 2 ^ 

\z 0 q~ 2 “\ 

< \tq~ a \ < \z 0 \ 



T i<t> 

1 


all 




T iX~ 

00 ( 

w_ n b(k+ 1). 2 cj\ 
zq 1 * ) 

\zoq~ 2ui \ 

< |wg (fe+1)b | < \zq\ 



Ts a <t> 

fl q 2 

t t . „-2w „- 2 K,\So(fq 2 ;q 2 rt )So(fs 2 “) U„-2 „-2u> „-2fvl U„2„-2 w„-2kI 

[ z ,q ,q ) 8 0 (±q- 2 -,q- 2 «) 8 0 ( fq 2 ;q- 2 “) ^ 9 9 9 1 

< \* 

\<\tq%\tq- 2 \ 

T SiX~ 

Mfq k -,q- 3u ) 

| tq k q 2w |,| tq k 2 q 2 “| < re 

\<\tq- k \,\tq- k ~ 2 \ 

T S- 1 ,XZ 1 

So 

So( : 

(!?-*;?“) 

w.q-'c-l.q-W) 

\tq k q~ 2u 

|, \tq k+2 q~ 2u \ < |tu| < 

\tq k \ 

,\tq k+2 \ 

T Sa,XZ a 

1 


all 




T .<l>xz-. 

(| 

(§< 

;q k q- 2 “;q- 2ul ) 

|i Ac “I - 4 q — 2uj • q — 2 co ^ 

\zq k q~ 2u 

\,\zq k+4 q~ 2u \ < |w| 



T -4>XZz 

(ft 

(f 

C k - i q-‘ 2 ul \q- 2 “) 

q — Ac q — 2 c o • q —2 c o j 

M < |zq 

[ 4 <7 2uj |, \zq k+i q 2u \ 




Lemma 5.6. Let f(z) be a meromorphic function of z with annulus of convergence r < \z\ < R near 0 for 
some 0 < r < R. For r < ro, |u>| < R we have that 


E 

m£Z 


/ 

■J\z\=r 0 


W 


?m +1 


/(*) 


dz 

2ni 


/H- 


Proof. Because r < ro < R, the Laurent series expansion of f(z) at 0 converges uniformly on the compact 
contour \z\ = ro- Therefore, we may take the term-by-term residue expansion of the integral to obtain a 
Laurent series expansion which converges to f(w) because r < \w\ < R. □ 


In the formal good spectral region, we have |wo| > \zo\ > | u; g i> ( fc + 1 )| ! which implies that the q 2 “- 
coefEcients of the formal series expansion of 


0 o (±q 2ui ) 

0o(^;^ 2 “)0o(fg b(fc+1) ;g- 2 “) 


admit convergent Laurent series expansion in Zq. In the formal good spectral region and in the doubly 
formal good region of parameters, we have |u>o| > \woq~ 2X ~ b+a \ > |tuq b ( fc+1 )| by Lemma 5.4, so we may 
apply Lemma 5.6 to each coefficient to obtain 



z 


o -^-VrV- 2A - b+a)r 0 o (^<r a ;9 

0o(^-,q- 2u )0 O (^ k+1 ^,q- 2u 


— 2 LJ 

— 


) dzo 
27 ri 


% {^Q 2X+b ~ 2a -,Q~ 2u ) 


w 0 0o(£:9 2A+bK_a ; q~ 2ul )do(q- 2X - b+a ; q~ 2u] ) 
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as formal series in q 2lj . Substitution into the original expression yields 
1 


7 -(q, \u,n, k) = 


(q 2 “ +2 ; q 2ul ,q 2k ) 2 


{q -2u. q -2u) 


(i q — g -1 ) 2 (g -2 ^ -2 ; q ~ 2u , q~ 2K ) 2 (q~ 2uj ~ 2 - q~ 2w ){q ~ 2u + 2 ; q~ 2u ) 


rzq 2 00 dpt 
1 t 


E , „ 3—a—b 

(- 1 )—=“ 

a,6,c£{±l} 

/) / t ri 2\+b—2a. ri —2ui\ n ( w „b(k-\-l). „—2tu\ , 

Oo(^q ^ ,q ) d 0 (—q ^ >,q ) t 


9//\ 2 ^+ 2 

g 2 ^ 


2 ( 11 + 1 ) 


dw 0 dw q 2bli+a+2b r 
(2ni) 2 w 0 zw d 0 (q~ 2X ~ b+a ; q~ 2u ) 


— q~ a : q~ 2uj 

W 0 ^ 7 ^ 

fe. - 2, 


= 6 


0o(f<? a( ' i+2, ;<j- 2 ") 

1 a^i) 


w n 2\A-bn,—a. n —2uj 5 

ui 0 y 7 v > 

(f q k q~ 2 “;q~ 2u> [ 
(» q k+i q~ 2 “\q~ 2 ^ 
(I q- k - 4 q- 2 “-,q- 


^V(-;<r ><r K ) 


-2 K A(V;<r 2 ")0o(f<r 2 ;<r 2a; ) 


Z 

b= 1 




(f<r 2 ; q~ 2K )0 o (jq 2 i q~ 2u ) 

- zq k+2 


(f <r 


— 2 CD • rt — 2 CD 


6 = —1 w-zg 


fc+2+26 


5.7. Computing the u>o contour integral. We compute the integral of the convergent formal series in 


q 2ul by computing it for sufficiently small q 2< C In this subsection, take q 2uJ ouiiioiciiuij oi-xictu ou mat 111 c 
spectral parameters lie in the good spectral region S c . We first compute the integral of an elliptic function. 


Lemma 5.7. For constants 01 , 02,03 so that |ci|, |c 2 1, |C 2 1/1C 3 1, |ci|/|c 3 | ^ |g| 2un for any n and a contour 
|wo| = f satisfying r|g _2 “| < |c 21 , |ci|/|c 3 | < r, we have 


7 o(^;<z 2u )Qo(^;q 2 “) dw 0 


l\w 0 p>r Oo{^;q- 2ul )0o(^;q- 2ul ) 2iriw 0 


0^q- 2ul )0^q- 2ul ) 

q- 2 “)(q- 2uj ;q- 2 “) 2 


(2 m(Ci - c 2 - c 3 ) - c(Ci - c 2 ) + <Z(C 3 )), 


where C* = l°g(ci), ( and cr are the Weierstrass zeta and sigma functions with periods 1 and log (q 2ul ), 

nome g _w , and 77 1 = C^)- 

Proof. Fix a branch of log(—) and change variables to the additive coordinate Wo = Tryjlogqr-- Define 
R = 7 ^- logr. By matching zeroes, poles, and residues of functions elliptic in Wo, the integrand is given by 


(5.7) 


^o(^;g- 2 ^o(^;g- 2 -) 

M%-;q- 2 “)9o(^--,q- 2 “) 


do ( —;g 2ul )9o( — ;q 2ul ) / \ 

= ed JP., q -^) {q -l , q -^)2 (« w » - a + R) - m - ci + c 3 + s) - <(c, - c 2 ) + «ca). 

Because r|g _2 “| < \c 2 \, |ci|/1C 3 1 < r, we have 

(5.8) - Im(—i-r logg _2w ) < Im(i? - C 2 ), Im(i? - C\ + C 3 ) < 0, 

\2m J 


which means that 


cr(l — C 2 + i?) cr(l — Ci + C3 + R) 
- log ■ 


f (« ,l '» - G + - « w ° ~ C ' + C ° + R) ) dW ° = 108 ’ u(-C2 + R) "» u(-Ci + C3) 

= (771 + 2r ? 1 (-C 2 + i?)) - (771 + 2771 (-Ci + C 3 + i?)) 
= 2771 (Cl - c 2 - c 3 ), 

where we may take the same branch of log(<r(—)) in both terms of the first equality by (5.8) and we apply 
= —e Vl+2r]ia for the second. Noting that f\ Wo \ =r = fo f(re 2mW °)dW 0 , integrating each 

term in (5.7) separately, and substituting, we obtain the desired integral value of 


?o(^;q 2 “)9o(±;q 


L-n~ 2^1 

C3 ’ 


0 o (sfk; q ~ 2ui ) (q ~ 2u> ; g- 2 ^) 2 


(2771 (Ci - c 2 - c 3 ) - C(Ci - c 2 ) + C(c 3 )). 


□ 
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On our choice of contours, the integral over w o satisfies the hypotheses of Lennna 5.7 with ci = wq b ^ k+1 \ 
C 2 = tq~ a , and C 3 = q~ 2X - b + a for q ~ 2ul sufficiently close to 0 by Lennna 5.4, yielding 

dw 0 0 0 {^-q 2X+b - 2a ; q- 2u )e 0 (^-q b ^-, q - 2u ) 


c W0 27riwo V 0 (^q~ a ; q- 2uj )Qo(^q 2X+bK - a ; q~ 2uj ) 


9 0 (fq b(k+1)+a ; q~ 2u )0 o (q 2X+b ~ a ; q~ 2u ) 2r ]1 fq 2X+bK - ((\og(fq b ( k+1 '> +a )) + ((\og(q- 2X - b+a )) 


0 o (fq 2X+bli ; q~ 2ul ){q~ 2u ] q~ 2ul ) 
Substituting in the result and noting that (q 

1 


2-7U 


/i / 2 — 2 c o \ 

—2 to— 2 . q — 2 — 2 to+ 2 . q — 2 co^ ^ 0(9 iQ 


1 -q 2 


, we find that 


l(q,\,u,H,k) = - 


(q 2ul+2 ;q 2u> ,q 2Kj ) 2 


1 


q — q- 1 (q~ 2w ~ 2 ; q ~ 2u> , g _2K ) 2 9o(q 2 -, q~ 2u ){q~ 


_ 9 2Afo+l) + l 2 ^ 


2 nizw 


E (-i)^ 

a,6,c£{±l} 

0 o(fg bfc ;<r 2w ) 

Q 0 (w q 2\+b(k+2). q -2u,} U 771 t 9 


2fc^+3b^~ 2(m + 1) 


( 2 m | g 2A + hK - C(log(yg h{fc+1)+a )) + C(log(<Z _2A_b+a ))) 


/ 2 k —2u> —2u> 

1 /i ( t „2. „-2K\n ( z n —2. „—2co\ I c > l q 

- t —2iO —2 K\^Q\zQ J J (^ 7 n fc + 4 /7 -2u; :n -2w 


>9 )i 


(f 9 fc+4 «—;<r 

— k — 4 „ — 2w, ^ — 2u\ 


b — 1 wq 2c — zq k+2 


^(fg- 2 ;?- 2 ^!^- 2 ")) ( fj;::;C’!L7 &=-i^-^ +2+26 


Summing over a € {±1}, we obtain 


l(q,\,u,n,k) = - 

E (-D 2 

fe,ce{±i} 


1 (g 2 “ +2 ;g 2u ,q 2k ) 2 


1 


q-q 1 {q 


-1 (n-2u-2. q ~2ui^ q -2K,^2 Q 0 ( q 2- q -2u^ q -2u. q -2u^ 


? 2Afo+l) + l z ^ 


2 '°° d p t 


dw q 2 bf ,+3b t -^±ll O 0 (fq bk ;q 2 “) 


2nizw 


Ooifq 


sy2\-\~bK, • /-y— 2co ^ 


(c(iog(y 5 6(fc+1) - 1 )) - C(iog(T<z b(fe+1)+1 )) + C(iog(g- 2A - b+1 )) - C(iog(« 


-2A-6-1 


, n ( * n 2 ■ n~ 2K \f) ( z n~ 2 - n~ 2w \ I % ~"' Q 

r. r*. „- 2 w „- 2 ^ u o{^q ,q Wotjq ,q ) ) 

i Lq2 \ , q , H J 


b — 1 wq 2c — zq k+2 


do (f<r 2 ; g- 2 K ) 0 o(fg 2 ; <r 2 ") 1 E'ECE? b = -l w - ~V' +2+2b ' 

By matching zeroes, poles, and residues of elliptic functions in log t, we see that 


1 

27T« 


-2A—1—6 


^ (c(log yg b(fc+1 ) _1 ) - C(lo g (yg 6 (fc+ 1 )+ i) ) + C(log(g- 2A+1 ^ b )) - C(log (5 

9 0 (fq bK+2X ; q- 2 “)9 0 (fq bk ~ 2X -, q~ 2 “) 9 0 (q 2 ; q~ 2 “){q- 2 “ ■, q~ 2 “) 2 

0 O (H 9 6(*+1)-1 ; <7 -2 w ) 0o m (? 6(fc+l) + l ; g -2 U ) 0 o ( g -b+l-2A. g -2u)0 o ( g b+l+2A. g -2u,) ' 


Substituting in yields 


1 /— 2 co+ 2 . „— 2 to „— 2 k \ 2 

i(q,x,w,n,k) = -it , _ 9 ,„_n’ _E 9 (g~ 2 ^;g~ 2 ^)g 2A(At+1)+ V 


g — g _1 (g-2w-2; q-2u ) q -2n^2 


E (-1) 2 

b,cG{±l} 


f 29 “ 2 '°° dpt 

-i t 


dw 


q 2bfj.+3bj.- 


gfo+i) 


,-2 


t _ 2 . q .2^_oij<l 2 ^- 2K )0o(^- 2 -,q- 2u ) 


Cw c 2nizw 9 0 (q~ b+1 ~ 2X - 1 q~ 2ul )9 0 (q b + 1+2X - 1 q~ 2u ) q y z 

0 o (fg bfc ;g- 2w )0 o (f9 bfc “ 2A ;9“ 2u ’) 


do(yg _2 ; <r 2K )0o(f ? 2 ; g _2 “) 


(±q k q- 2ul -,q- 2ul ) 

-£L q — 2 CO - gr — 2oj ^ 

— fe —4 —2u> -2w \ 


b — 1 wq 2c — zq‘ 


t 

k+2 


9 0 (Tq b< ' k+1) ~ 1 ;q~ 2ui )9o(Tq b{k+1)+1 ',q~ 2u ) 1 q ~ UJ;C/ 5 = w — zq k+2+2b ' 

K (f q- k q- 2 “-,q ~ 2 “) 

where we may again interpret the expression as a formal series in q~ 2ul . 
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5.8. Computing the w contour integrals. We now evaluate the contour integrals over w. We again will 
compute the integral for numerical q~ 2u sufficiently close to 0 that the parameters he in the good spectral 
region. Define 


Au,l,c(^) •— ^ 


7 . n ( w „k—2\. „—2 oj \ ( z „k „—2 uj . 2uA 

dw 0o(-q ,q ){-q g ,g ) 2 c _ l k+ 2 ^ 


Cwc 2mw e 0 {fq k + 2 -,q~ 2 “) (fg fc+4 ; q~ 2uj ) 


dw, — l ,c(0 : — 


dw 8 0 {fq- k - 2X -,q- 2 “) (f q- k - 4 q- 2 “-,q ~ 2u ) 


(g 2 - wz~ 1 q~ k ~ 2c ). 


' ’ ’ Jc w , c e 0 (fq- k - 2 ;q- 2 “) (f q- k -,q~ 2u ) 

Lemma 5.8. As formal series in q _2 “, the differences of integrals I w ,i(t) := I w ,i t i(t) — I w ,i-i(t ) and 
4>,-i(i) := A»,-i,i(i) ^ Au,-i,-i(i) are given by 

= 4,i(*) + / ™,i(*) and 4,-i(£) = 4,-i0); 


where 


4iW = (9" 2 -9" 2A ) 


A / , „-2-2A_-2o;. „-2w\ 7 * „2fc+2. n -2u\ 

— 2 A\ q ,g Jit? I? J 


(q~ 2ul ; q~ 2u ) 2 (f g 2fc+6 ; g -2 ^) 


1 (t -2k-2-2ui —2w, * -2k-6-2ui. -2u> „2A-2\ 

2<pi\-q q ,q ,-q q ,q ,q ) 

z 


n („-2—2X rl -2ui. n -2ui\ ( z 2k+2 -2ui\ 

-2A fc 'ol? q ,q Jl 7 ? 1? J 


(q~ 2u -q~ 2ul ) 2 (fg : 


|g2fe+6; qr-2w) 


, 2 _ , 2 A 2 /o(f? 2fc+4 - 2A ;?- 2 “) (?- 4 ;?- 2 -) (q 2A +V 2 ";<r 2 ") 

w - lU w j 0 o (fg 2fe+6 ; g- 2w ) (<r 2aj ;<r 2aj ) (g 2A - 2 ;g~ 2w ) 

id 

zd / „2—2A „— 2lo . „—2 cd \ / ^ ^ 2 „ 2cd. « 2cd\ 
rl ( f] ( 2 4—2A\ 8o\q g ,g )U? ? ’ ? J 

w y J {q- 2 “-q- 2 “) 2 (fqV 2uj ;g- 2 “) 

a 2 -2u n -2u. t -2-2ui. -2ui „2A-2\ 

2<pi{-q q ,q ,-q q ,q ,q ) 

Z Z 


A 2A 2cd. 2cd\ ( t —2 n —2uj. n —2uj\ 

4 - 2 A f ' 0 l? £ ;g ) \~1 g y? J 

(q _2uJ ; q~ 2u ) 2 (^q 2 q- 2u ;q~ 2u ) 


and 2^1 (ai, a 2 ; &i; q, z) denotes the q-hypergeometric function 


, / , x (ai;g)n(«2;g) n n 

2 0i(ai,a 2 ;&i;g,2:) -— - -. 

(Oi;g)n(g;g)n 


Proof. We compute the integrals by deforming contours to 0. By Corollary A.2, we have the estimates 

ZD (w ri k—2\. 2cd\ „ ,2 

ig J ^ p / -2a; 2fc-2A+2i-4±l 

a 7ii;„fe+2..-2aA ^^llg - £ )|gl 2 I IT 9 I 


| 0o(fg fc+2 ;g _2 “) 

0o(f q- k - 2X ;q- 2ul ) 

0o(^q- k ~ 2 ;q- 2 “) 


<Di(g- 2w , £ ) 


—2k—2\—2 i — - 


For q _2aj sufficiently small, we see that meaning that we may compute I w ,i, c (t) and I w ,-i,c{t) by 

deforming C W}C to 0. We now perform the deformations one by one. 

Computing I Wl i,i(t): For I Wt i,i(t), we have |io| < \zq k \,\zq k+4 \,\tq~ k ~ 2 \, so we wish to sum residues at 
w = tq~ k ~ 2 g- 2 “( n + 1 ) and w = Z q k + 4 q~ 2ui ( n + 1 ). The first set has residues 


6> 0 (g -2-2A g -2w(n+1) ; g -2w ) 


( z_ n 2k-\-2 n 2ujn. 2 lo\ 
11 y y 5 y ) 


^q-2uj(n-\-l). q—2cj^q—2oj. q—2oj x j^q2ujn. q—2uj ^ ^ z.q2k-\-6q2ujn . q—2uj'j 


a („-2-2\ rt -2cu. r .—2uj\ ( z 2k+2. n -2co\ ( t -2k-2 -2uj. n ~2uj\ 
= -2 (2A-2)n 6 , 0(g g ;g Jlt^ Ht? g ;g A 

? g ( q -2u. q -2uy (fg2fc+6 ;g -2a;)(i 9 -2fc-6 9 -2u; ; g-2a,) r 
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The second set has residues 


_ 2 0o(fg 2fe+4 “ 2A g“ M " +1) ;g“ 2w ) 


(q- 4 q 2un -q- 2u ) 


0o(f g 2fc + 6 g- 2w ( n + 1 ); q~ 2ul ) (q 2uln ; q~ 2ul ) n {q~ 2ul \ q~ 2u ) 


= q 2 \ 


A / z 2k+4-2X -2u\ / _4_—2w. 2W\ /_-4. „-2ti;\ 

(2A-2)n ^0Ug _ 'g ) W g >9 Jn(9 >g J 


#o(f q 2k + e ;q~ 2ul ) {q~ 2u -,q- 2ul ) n (q 


2 a; • 2a; 


Summing over these residues yields 

A 2—2A_—2w. 2wW2_2fc+2. 2w 

~2 u o{q q ,q ) \jq ,q 


Iw,i,i {t) = q 


(q~ 2ul ; q~ 2u ) 2 


_ >_ nr L (t n -2k-2-2u -2u.j_-2k-6-2u.-2u, J2X-2) 

2g2fe+6. q-2u^wiy z q q ,q , _q q ,q ,q 


2A ^o(fg + ;g“ ) (q~ 4 ;q~ 2u ) (q 2X+2 q- 2 “-,q- 2 “) 


q 


t' 1 ’ ^ 

0o(fg 2fc+6 ;g" 2 “) (q~ 2u ;q~ 2u ) {q 2X ~ 2 \q~ 2ul ) 


Computing I w ,i,-i{t): We have |tq k 2 | > |iu| > |zg fc |, |zg fe+4 |, so we wish to sum residues at w 
tq-k- 2 q-2u(n+i) an j w _ Z qk+4y-2nu The £ rs t se t h as residues 


6> 0 (g _2_2A g _2w( " +1) ; g _2 M 


£ „2fc+2 „2o;(n+l). 2a; 


(fg 


^q—2uj.q—2oj x j^q2ujn.q—2oj x j (^q-2uj(n-\-l). q—2aj'j ^z_q2k-\-6q2aj(n-\-l). q—2uj'j 


= q -2 q (2X-2)n^o{q 


-2-2X q -2 u. q -2uj (z q 2k+2. q -2uj (± q -2k-2 q -2u,. q -2u) 


n+1 


[q - 2 “; q-2uy 


(f g 2fc+6 ; g- 2 ^) {±q-™- 0 q- 2 u- q~ 2 “) n+1 ' 


The second set has residues 

/3 / 2 2fc+4—2A 2o;n. 2o;\ 

2 gp 1 j g q ,q ) 


(q-4 q 2 un. q -2u) 


^o(fg 


2/c+6^—2o;n. n —2uj \ 


(g,2wn. q-2u^ n (q-2u. q-2u^ 


A„('£„2fc+4-2A. „-2u>\ / 4„-2w. _-2w\ „-2w\ 

_ q 2 q (2X-2)n °0y t.q _ yg Mg g ,q )n(q ,q ) 


Oo(fq 


z n 2k+6. q~2u 




(q~ 2uj ; q~ 2ul )n{q~ 2u, ]q~ 2u ) 


Summing over these residues yields 

.-2 — 2A„— 2u. „-2u\ (z n 2k+2. n -2uj 


= q 


f\ ( „—2—2 A „—2a;. ~—2a; \ / z n 2nj-[-^. n 

~ 2 x u o{q q ,g Mi? )g 


(g -2 "; g- 2 ^) 2 


(fg : 


2fc+6. n —2cu 

5 H 


J ) 


(2^>i(-g- 2fe - 2 g- 2 “,g- 2 “;-g- 2fc - 6 g- 2 “;g- 2w ,g 2A - 2 ) -1) 


,^o(fg 


z „2fc+4-2A. n —2u 


) (g- 4 ;g- 2 “) (g : 


2 A4-2™—2a;. «—2a;\ 
y i H ) 


? 0. 

e 0 (lq 2k+6 -,q- 2u ) (q~ 2u ;q~ 2u ) {q 2X ~ 2 \ q~ 2ul ) 


Computing I Wy i(t): Combining these terms, we find that 

A (n- 2 — 2A„—2w. 2u\ (Z n 2k+2 -2u\ 

-2X\ u o\q q ,g Mi g ’g l 


w*) = (g" -9"") 


(g _2 “; q- 2 ^) 2 


^ — q2k-\-Q • a —2a; ^ 


J ;g“ 

; (t n -2k-2 -2u —2u. t -2k-6 -2u -2u „2X-2\ 

2 (pi\-q q ,q ,-q q ,q ,q ) 


+ q 


A /«—2—2A„—2w. 2wW2 _2fe+2. 2w\ 

-2A W 0lg g ,g J I jg i g J 

£„2fc+6. n -2u\ 
t. 1 


(q~ 2u ; q~ 2u ) 2 


+ (g 2A - g 2 ) 


(fg^vujg 

”';g 


0o(fg 2fc+4_2A ;g _2w ) (g _4 ;g _2 “) (g 2A + 2 -- 2 “^- 2 “t 


g ;g _ 


e 0 (fg : 


2fc+6. n —2cu 


) (g 


2a; • y-y 2a; 


) (g : 


2A—2 • /-y— 2 a; \ 
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Computing I w -\ t \{t): In this case, we have |iu| < \zq k \, \zq k+A \, \tq k+2 \ on C w> i, so it suffices to consider the 
poles at w = tq k + 2 q~ 2ui ( n + !) for n > 0. They have residues 


9 0 (q 2 2A g 2u ( n + 1 ')-q 2 “) 


(-q— 2 q~ 2u { n + l ) j q~ 2ul ^j 


{q~ 2ul -, q- 2 “)( q 2 “ n ; q- 2 ^) n (q~ 2ul ( n + 1 ); q~ 2 “) (i g 2 g -2a.(n+i) ; 

„2-2A„-2o;. „-2 ui\ ft„-2„-2w.„-2w\ (t„2„-2u.„-2u 

„ I9X —9'lnVOU 

= q q 


a /A2—2A „—2a;, 2o> \ ( t n~ 2 n~ 2uJ • n~ 2uJ \ ( * n 2 n~ 2ul ■ n~ 2u \ 

= „2„(2A-2)rt ^0(9 9 i_9 Hl9 9 ’ 1 ) >9 A 

(< q~ 2ul -,q~ 2u ’) 2 (4g 2 g _2 “;g _2w ) (±q- 2 q~ 2ul ;q- 2ul ) r 


Summing over these yields 


-4,-1,l(6) = 9 


^„2 —2A_—2ai. 2a; W t 2„-2a; -2a;\ . 

2 u o{q q ,q ) lj9 9 ,9 j , ,t 


2-2uj -2a;. ^ -2 -2 cl> -2cj 2A-2 


(g- 2 “;<r 2w ) 2 (\q 2 q- 2 “]q- 2 “) 


2 M-q 2 q~ 2u , q ~ 2u \-q~ 2 q 


)• 


Computing I w -\-\(t): In this case, we have |w| > |zg fc |, | 2 g fe+4 | and to < \tq k+2 \ on C w -i, so it suffices to 
consider the poles at w = tq k + 2 q~ 2uj ( n + 1 ) for n > 0. They have residues 


(9o(9 2-2A 9 -2 “ (ra+1) ; q~ 2u> ) 


(Lq- 2 q- 2 u(n+ 2 ).q-2u>'j 


(q- 2u ;q~ 2u )(q 2un ; g _2w )n(g _2aj(n+1) ; q~ 2w ) (4g 2 g _2aj(n+2) ; 9 _2w ) 


= q 2 q( 2X ~ 2 ) n 


a f„2—2A„—2a;. 2aD / i _—2„—2a;. 2a;\ / t „2„—2a;. — 2a; \ 

-2)n y o(9 9 1 9 Mj9 9 ; 9 J ly9 9 .9 Jn+i 


(q- 2 “-,q~ 2u ) 2 (lq 2 q- 2 “;q- 2ul ) ^q~ 2 q~ 2ul ; q~ 2u> ) n +i' 


Summing over these residues yields 

„2—2A „—2a;. „-2a;\ ( * „-2 „-2a;. „-2a; 


4;, — 1 ,— 1(6) — 9 


C\ ( J2 — 2A ~— 2 Cl) . „ — 2Cl) \ ^ _/7 2 „ 2Cl> . „ 2Cl) \ j. i 

4—2A VQ (9 9 ;9 jv z 9 9 >9 1/ , /t 5 -2a; „-2a;. * „-2,-2a). „-2a) „2A-2 


{q~ 2u \q~ 2u ) 2 (^q 2 q~ 2ul ;q~ 2ul ) 


- (201 (-9 9“ 


; -9 9 

z 


)-!)• 


Computing I Wy -i(t): Combining these terms, we find that 


fl /'„2-2A„-2a;. „-2w\ (t_ n -2 n -2ui. n -2u\ , , 

T (+\ — r~ 2 „4—2A\ ^0\9 9 ;9 J U9 9 )9 j , 2 -2a; -2a;. £ -2 -2a; -2a; 2A-2\ 

4, —IP.) (.9 9 J /_ 9 ,.,._ 9 (,A 9 / £ ,.9 _ 9 ,.,. „_ 9 f ,,\ 2 Vll _9 9 ;9 ! _9 q 1 q ■) q ) 


{q~ 2u \q~ 2ul ) 2 (^q 2 q~ 2u> ;q~ 2u> ) 


z z 

„2—2A „—2a;. „-2a;\ I t „-2_-2a;. ,,-2a;\ 


I„2—2A _—2a;. „—2a;\ ( t 2 2a;. 2a;\ 

. 4-2A ^o(g 9 ,9 )l;9 9 ;9 j n 

(q~ 2u ~, q ~ 2uj ) 2 (^q 2 q~ 2 ul ',q~ 2ul ) 

5.9. Completing the proof of Proposition 5.3. We now rearrange the results of our integrals to obtain 
the desired result. All expressions are now formal series in < 7 -2w and then g -2/i and meromorphically 
continued in t to the full Jackson cycle from C t . For i e {1, 2}, define AT^(t) := L{t)J^ b (t) with 


4,,6(*) = 9 2bM+3& 


p 

1 w,b 


6 * 0(9 


— 6+1 — 2A . s~< — 2Cl) 


; q ,_2 “)0o(9 6+1+2A ; q~ 2ul ) 


and 




In this notation, we have 


(5.9) Z(q,\,u,p,k) =-- 


(q 2ul+2 \q 2uj ,q 2k 4 ) 2 


j-1 (^q-2u-2. q-2uj q-2k-4^2 


9 0 (t/zq- 2 -,q- 2k -*)e 0 ( Z /tq 2 -,q- 2 “y 

{q- 2 “-q- 2 “)q 2X ^+V+'zW 


r zq ~ 2 '°° dJt 


(Kl(t) + K 2 (t) - Klyt)). 


Lemma 5.9. We have K\{pt) = A'i 1 (t). 
Proof. By Lemma A.3, we have 

$V( p--,q~ 2w ,q~ 2li ) = 


Mj 9 2k 2 ;g 2aj ) 
^o(| 9 2k+2 ; q~ 2u ) 


^q 2 (-;9 _ ,9” ), 
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and we also have that 

0o(ph 2 ; g _2K )6> 0 (fp _1 g~ 2 ; q~ 2ui ) doip^q 2 ', g“ 2 *)0 o (f g 2K+2 g- 2 “; q~ 2u ) 


0o {p^q~ 2 \ q~ 2K )0o(jP~ 1 q 2 ', q~ 2u ) 0 o(fpg -2 ; q- 2li )d 0 (lq 2K ~ 2 q~ 2u1 ', q~ 2u> ) 

0o{^q 2 ;q~ 2K )0o{jq 2K+2 ; q~ 2ui ) 


Together, these imply that 


L{pt) = q 


Oo (I? -2 ; q~ 2K )0 o {^q 2K -~ 2 ; q~ 2ui ) 

—4u—4 Mlq 2 ;q~ 2 “) 


- „-4/i-4 


do (fq~ 2 ;q~ 2ui ) 


L(t) 


and therefore by Lemma 5.8 and the definition of ± (£) we have 


= - 

and 

= - 


q 2n+2\+3( q -2 _ g -2A) (| 9 2 ;g 2 W ) f 




_j. / ^ 2 —2a; -2w. 6 -2 -2w. -2w _2A-2\ 

^o(^ 2A :r 2 ")(r 2 ":r 2 ") 2 (f9 2 ;r 2 ") ’ z q q ’ q ’ q ' 

f 2/x+3 


3 


(fg 2 q 2u ;q 2ul ) 


9 0 (q 2X ; q~ 2u )(q~ 2ul ; q~ 2 “') 2 ( jq 2 q 2u ; q~ 2u> ) 


- 2 / i + 2 A-l ( ' -2 _ - 2 A', a -2 - 2 u - 2 u\ . . 

c i _ ' q L rh (-n 2 n~ 2 “ n~ 2ul ■ -n~ 2 ri~ 2ul ■ n~ 2ul n 2X ~ 2 ) 

eo{q 2X -,q- 2u ){q- 2 “\q- 2u ) 2 ( t -q 2 q~ 2ul \q- 2 “) 9iy z q Q ,Q ’ 9 ’ 9 ’ 9 j 


-2/^-1 


t 2„— 2u. „~2u>\ 


(!<rV 


9 0 (q 2X ;q 2w )(g 2u, \q 2tJ ) 2 (^q 2 q~ 2ul ; q~ 2ul ) 


We conclude that 




fj (—n 2 - n~ 2u ) 

'-4*- \lll q -2* q -2l ) J lM) = mA-l(t) = KUt). 


□ 


We are now ready to deduce Proposition 5.3. By (5.9), invariance of the formal Jackson integral under 
p-shifts, and Lemma 5.9, we obtain 


i(q, \,v,H,k) = - 


1 (n~ 2^+2. n ~2 uj 2«\2 

[Q ,Q ' Q ;(q~ 2LU 'i q~ 2u )q 2X ^ IJ ’ +1 ^ +1 z~ 


q — g _1 {q~ 2ul ~ 2 \ q~ 2u , q~ 2K ) 2 


^j-( K i (Pt) + K i(pt) - Kl x (t)) 

pzq~ 2 -oo j j. 

(g- 2 -;g- 2 -)g 2A( ^ +1)+1 2 ^ / ^K 2 (pt ). 

Jo t 


1 (g 2ul+2 ;q 2w , g 2k ) 2 / 
g — g _1 (g -2 “ -2 ; q~ 2u , q~ 2K ) 2 


Now, by Lemma 5.8, we find that 


JlApt) = ~ 


q 2fx ~ 2X+ \q 2X ~ q 2 ) (g~ 4 ;g- 2 “) 6» 0 (f g 2A ;g 2 “) 


and therefore that 


0o(<T 2A ; g- 2 “)(g 2A - 2 ; g- 2 “)(g- 2A " 2 ; g- 2 “) (g- 2 - ; g-2«) 0 o (f g2 ; g-2<-) 


2 ^+ 1 > ~ ,t _ 2w _ 2k , 6*0(f< 7 2 ;g 2k ) Ooijq 2A ;g 2 “) 


Kl{t) = —Ci(X,/J,)t -" fl g 2 ( —; g~~ 2aj , g~ 2lt ) . - _ 2 2 

2 6>o(t 3 ,3 2k ) d 0 {jq 2 -,q 2u ) 


for the constant 


Ci(A,m) = 

:into oi 
l(q,\,u,n,k) = 


q 


—2 ii— 1 


(g~ 4 ;g- 2 -) 


6»o(g 2A ; q 2u} ) (g2A—2g—2u;. g - 2 u) ( g - 2 A -2 . g- 2 U ) ( g - 2 W; ' 

Substituting back into our computation yields 

_0 *"K3" 2 “; g- 2w )g 2A(A1+1)+1 ^C!(A, M ) 

0o(!-? 2 ;<?- 2K ) e 0 (fq- 2X -, q - 2 “) 


1 (g 2w+2 ;g 2aj ,g 2 «^2 ^ 


g — g” 1 ( q ~ 2ul ~ 2 ; q~ 2u , q~ 2K ) 2 

zq ~°° d r t 2 (m+i) £ _ 2 _ 2k 

-f-t 2 -;g 2 “,g 

£ 2 ; 


/o 


0 o aq- 2 ;q~ 2K ) 0o(fg 2 ;g- 2 “) ’ 
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which upon noting that 


1 ( n ~2cu+2. n ~ 2cj n —2 k\2 


simplifies to 


l{q,\,u,H, k) = q 2X+2 C{X,ii)z^ f Cl q 2 (-; q 2ul ,q 2k ) " UVz 

Jot z 


0o(f9 2 ;W 2K )0o(f<r 2A ;<r 2 “) 


= C'(A,m>- 


Jo t q V ^ d 0 (^q~ 2 ; q- 2K, )8o{z/tq 2 ] q~ 2u ) 

-±— [ zq ~ 2 '°° dpt 2(»±±1 (t 2u 0 o(;g 2 ;g~ 2 ")flo(|g 2 A ;g~ 2 ‘‘') 

7 o * , 2 V 9 ’ 9 ’eo^q-^q-^Oo^q- 2 ^- 2 ") 

q 2 '°° d p t 2^+p _ 2w 2k e 0 {tq 2 ;q- 2K )6 0 (t,q 2X ;q- 2u ) 


- C(A ’ M) io T* ’ 9 \ottq~ 2 ]q~ 2Kj )0o(tq- 2 \q- 2ui ) ’ 

where in the last step we change variables to eliminate 0 . This completes the proof of Proposition 5.3. 


5.10. Jackson integral expression for the trace function. We now apply Lennna 5.2 to obtain a 
Jackson integral expression for T w °(q, A, ui, fi, k). 

Proposition 5.10. In the doubly formal good region of parameters (5.2), as a formal Jackson integral and 
a formal series in q~ 2ul we have 


T Wo (q,X,uj,n,k) = D(X,fi) 


rq °° d q -™t 2w 2 k .n+i Oo{tq 2 \q 2k ) do(tq 2X \q 2ul ) 

, —^1 ’1 )> 


where the constant D( A, /x) is defined by 


£(A,/z) = 


(, q 4 q ~ 2k ; q~ 2k )(q~ A ; q~ 2u ) {q~ 2ul+2 ; q~ 2 “, q~ 2k ) 2 
(q- 2k ;q- 2k ) {q- 2 “~ 2 -q~ 2 “, q~ 2k ) 2 

q \p-\+2-^+l ,-2p,-2. q -2k\ 

9q{ q 2X ', g- 2 “)(g 2A - 2 g- 2 ^; g _2w )(g _2A_2 ; q~ 2ul ) (q~ 2 ^+ 2 -, q~ 2k ) 


Remark. In the statement of Proposition 5.10, the functions 


fit) = t 


-n+1 d 0 {tq 2 \q 2k ) 

' d 0 (tq- 2 ;q- 2k ) 


and g{t ) = 


dojt.q 2 ^;q 2k ) 

d Q (tq- 2 ;q- 2k ) 


have the same transformation properties under q 2fe -shifts, meaning that ~ = 9 ^ 9 g (t) ^ = d 2fl 2 

Proof of Proposition 5.10. By Lemma 5.2, we have 

(5.10) T w °(q, A, w, M, fc) = C-y, ^(q, A, w, k-2). 


By Proposition 5.3, we find that 


s(g,A,w, ■ 


-,fe- 2 ) =D 1 (A,m) J 


q ~ °°d q - 2 *t n . 2u „ fc . *±i d 0 (tq 2 ;q- 2k ) d 0 (tq 2X ; q~ 2 “) 


q2[,Q ^ ’ do(tq- 2 -,q- 2k )do(tq- 2 -,q- 2 “y 


where the constant Di(X, p) is defined by 


_1 ]. g A M -A-M-l (g -4. 9 -2 U) (q -2u + 2. q -2u^ q -2 k) 2 

U ,W ' 2 j 9-Q- 1 d 0 (q 2X -,q- 2 “)(q 2X - 2 q- 2 “-,q- 2 “){q- 2X - 2 -,q- 2 “) (g- 2 ““ 2 ; <r 2w , <T 2fc ) 2 ' 

Further, by Proposition 4.6, we have that 

2 \ gg±^- 2 -» (q~ 2 k -,q~ 2k ) {q- 2 k+ 2 \q- 2k ) 

^V. 1 ( +<Zj? (g-2M-2 ;g - 2 fc) (g4 ;9 -2fc) ' 

Substituting these into (5.10) yields the desired. 


(<7 2w+2 ;<7 2w ,(7 2fe ) 2 
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5.11. Relating the Jackson integral to the Felder-Varchenko function. In this section, we convert 
the Jackson integral expression of Proposition 5.10 to a contour integral expression to give a proof of Theorem 
5.1. For this, we show in Proposition 5.11 that when formally expanded in q~ 2ul , the coefficients of both the 
Jackson and contour integrals converge in a formal neighborhood of 0 as functions of q~ 2fl . 


Proposition 5.11. In the doubly formal good region of parameters (5.2), as a formal power series in <7 2<jJ , 
the Jackson integral for T w °(q, \,u>, n,k) converges in a formal neighborhood of 0 in the variable q~ 2fl and 
equals 

TW0 , x r 4 ;<r 2 ") (g- 2 " + 2 ;g - 2 ^- 2fc ) 2 r 4 f 2 “;r 2 “,f u ) 

^5 A, CJ,//,/CJ / _ 


(q ~ 2uj ; q~ 2uj ) (q~ 2u ~ 2 ; q~ 2ul , q~ 2ks j 2 (g 4 g _2tJ (7 _2fe ; q _2fe , 9 _2w ) 


ryX/J, -A + 2 


(q 2 V 2 - 1 q 2k ) 


0 o (q 2X ; <7 _2a; )(<7 2A_2 5 _2a; ; g _2 “)(g _2A_2 ; q~ 2u ) (< 7 -2 ^+ 2 ; q~ 2k ) 

A ( J2X—2 J2kn. ri —2uj\ n a (J2kl. rt —2u)\ 
J- 2 u+ 2 )n ° 0 \ C l g ) TT g .g ) 


5> 

n> 0 


9o(q~ 4 q 2kn ; q~ 2u ) 


n 

/=i 


6 0 {q^-;q 


2kl. n —2uj 


Proof. Define the integral expression 


I = 


'°° d q -2 k t 


- 2 u, - 2 fcx,-i±+l e 0 {tq 2 ;q 2k ) 9 0 {tq 2X ;q 2u) ) 


t 


O q 2(t;q-^,q- 2k )t- 


9 0 {tq- 2 -,q- 2k ) d 0 (tq- 2 ;q~ 2ul ) 


so that T w °{q, A,w, pi, k) = by Proposition 5.10. Denote the integrand by 

o (f . q - 2 u 2 fcw-*±! 0o{tq 2 ;q~ 2k ) 0 0 {tq 2X ;q- 2u> ) 

and let its formal power series expansion in q~ 2u> be J(<) = S ra >o Jn(t)q~ 2uin . We have that 

q 


(tq 2 ;q 2k ) e+ 1 0o(tq 2 -q 2k ) (1 - tq 2X ) e +1 (t \ 2 q 2k \q 2k ) (1 - tq 2X ) 

J 0\ z ) U„2. „-2k\ 1 A U„-2. „-2k\ ( i 1 (j--l ( j2q-2k. q~2k^ — tq ~ 2 ) * 


{tq 2 ;q~ 2k ) " 9 0 (tq~ 2 ; q~ 2k ) (1 - tq~ 2 ) 

We conclude that f 4 °° — f k - Jo(t)t n converges for > n; which holds in the doubly formal good region 

of parameters (5.2) on a formal neighborhood of 0 in q- 2 ^. Defining the formal power series J{t) so that 
J(t) = Jo(t)J(t), we see that J(t) has expansion of the form 

J(t) = 1 + £ Jn(t)q~ 2uln , 

n> 0 


where J n (t) is a Laurent series in t of degree at most n. This implies that / Q 9 00 " ™ J n (t) converges for 

each n. We conclude that each coefficient in the formal power series expansion of I = / Q 9 °° q / ' < J(t) 

converges in a formal neighborhood of 0 , so as a formal power series in q~ 2u it equals 


I = E J^~ 2 q 2kn ) 


n>0 


= E (® _ v fcn ) 


n>0 


_i£+i ( q~*q 2kn ; q- 2u ,q- 2k ){q- 2kn q- 2u} q- 2k ; q ~ 2uj , q~ 2k ) 

^q2kvtq 2 uj• q 2co q 2k^^q^q 2kTXq 2cuq 2k* q 2 uj q 2/c^ 


(i q 2kn q 2k -,q 2k ) 9 q{ q 2X 2 q 2kn \q 2w ) 


= q 


{q-^ q - 2 “, q - 2k ) 


^q ^k. n 2k 


(q~ 2u -,q- 2u )(q 4 q~ 2ul q- 2k ; q ~ 2k , q~ 2u ) 9 0 {q~ 4 -, q~ 2k 


9 0 (q~ 4 q 2kn ; q~ 2k ) 9 0 (q~ 4 q 2kn -, q ~ 2uj ) 

; q ) J2 qi ~ 211+2)71 

n> 0 


a ( J2X—2 J2kn. ri —2uj\ n a (4 J2kl . «— 2uj\ 

Vo{q q j tt Vo(q q ,q ) 

0o(q~ 4 q 2kn ;q~ 2ul ) 


1=1 


9 0 (q 2kl ;q~ 2u] ) 


which yields the desired upon substitution of D(X,n). 


□ 


We now prove Theorem 5.1 and thus connect the trace function and the Felder-Varchenko function. 
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Proof of Theorem 5.1. Comparing Proposition 3.1 in the formal neighborhood of oo for q~ 2 ^ and Proposition 
5.11 in the formal neighborhood of 0 for q~ 2/i , we find as formal power series in q~ 2ul and then q~ 2 ^, in the 
doubly formal good region of parameters (5.2) we have 


(5.11) T v ’°{q,\,w,n,k) = 


q-v+\q—,q 


—4. n —2ui\ 


9 0 {q 2X ; q -^)( q 2 \- 2 q - 2 u,. q - 2 ^ q - 2 X- 2 . q - 2 ^ 


(q~ 2ul+2 'i q~ 2u , q~ 2k ) 2 


[q~ 2k ] q~ 2k )(q 4 q~ 2k ; q~ 2k ) 


^q—2uj—2. q—2uj q-2k^2 (q-2fi+2. q-2k^q2n+2q-2k. q-2k^ 

Recalling the definition (3.3) of the Felder-Varchenko function, we obtain 


i(q,\,u],-ii,k). 


(q 2ul+2 ;q 2uj ,q 2k ) 2 


= (g~ 4 ;g~ ; / _ 2li ._ 2 ’ _ 


q 


:\fJj - \~\~2 


{q -2 k . q -2k ){q 4 q 


(g -2 " -2 ; q~ 2u , q~ 2k ) 2 9o(q 2X ; q~ 2 “)(g 2A_2 g _2 “; q - 2 u^ q - 2 \- 2 . q - 2 ui'j 

2A. 2u^j 


,4„-2k. -2k 


^q- 2 fi+2. q -2k^ q 2ii+2 q -2k.^ q -2k'j 2 tt it 


dt 


n q 2 ( t-q 


- 2 kMtq 2/i !9 2k ) 9 0 {tq 2 -'-q 


C )' 


e 0 (tq- 2 ;q~ 2k ) 9 0 (tq~ 2 - 1 q ~ 2ul )' 


By Proposition 2.6, each coefficient of q~ x ^T w °{q^ A, w, /i, k) as a formal power series in q~ 2u> is a rational 
function in q~ 2fl and g -2fc . 4 Therefore, the coefficients of the formal power series in q~ 2ul in (5.11) are equal 
as rational functions because they are equal on a formal neighborhood of 0 in q~ 2 ^ by (5.11). Define now 
the formal good region of parameters 

(5.12) 0 < |g" 2 H « |g" 2A | « |<T 2fc | « |g|, \q\~\ 


We conclude that (5.11) holds in the formal good region of parameters at the level of formal power series in 
q- 2 ui f or nume rical sufficiently close to 0. 

It remains only to check that this formal series in q~ 2ul converges. Because the poles of the integrand in 
the integral expression are bounded uniformly away from C t as q~ 2uJ —> 0, the formal power series expansion 
of the integrand converges uniformly on the compact cycle Ct to the integrand. We conclude that the 
integral may be integrated term-wise and therefore that its formal expansion in q~ 2u converges. Because 
T w °(q , A, cu, /i, k) shares a formal expansion with the integral, it also converges for numerical q~ 2uI sufficiently 
close to 0. We conclude that the desired equality holds for numerical parameters in the good region (5.1) 
with g -2,i and then q~ 2u> sufficiently close to 0, completing the proof. □ 


Corollary 5.12. For q 2ai and then q 2uj sufficiently close to 0 in the good region of parameters (5.1), the 
trace T w °(q, A,w, /qfc) is related to the Felder-Varchenko function by 


T w °{q, A, u>, fi, k) = 


-Ai+ 4 (g 


—4. r .—2ui\ 


9 0 (q 2X ; g - 2 w)(q 2 A- 2 g- 2 a;. q - 2 u^ q - 2 \- 2 . q -2 


(q 2 “ +2 ;g 2ul ,q 2k ) 2 


(q 2k ] q 2fc )(g 4 g 2k ;q 2k ) 


^q-2ui-2. q-2ui q -2ky. ^ q -2/j.+2. q -2k^ q 2fi+2 q -2k. q -2k^ 

Proof. This follows by combining Theorem 5.1 and the formal equality (5.11). 


Z^\ u (q, A, uj, —fi, k). 


□ 


6. The classical limit 

In this section, we take the classical limit of our expression for the trace of a t/ g (s( 2 )-intertwiner and 
recover the expression for the trace of a f7(sl2)-intertwiner given in [EK94]. 

6.1. Verma modules, evaluation modules, and intertwiners. Let denote the Verma module for 
U (s( 2 ) with highest weight pp + kA 0 , and let L^(z) denote the finite-dimensional evaluation module with 
highest weight p. The module L^{z) has a basis wj /i _ 2 , • • •, which coincides with the basis for L^(z) 
as a t/ g (sl 2 )-module. In particular, it satisfies 

„ p — m „ 

ei w m ® 2 = —-— w m +2 <8) z ■ 


4 Note that this does not follow from the Jackson integral expression for T u: ° (q. A, cu, //. k). since as a formal series in q ~ 2 “, 
that expression holds only on a formal neighborhood of 0 in q~ 2 e. To obtain simultaneous rationality of coefficients of the 
formal series in q -2 “ on an open neighborhood of 0 in q ~ 2/l , we require the representation-theoretic input of Proposition 2.6. 
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For v € Lfj,(z)[ 0], denote by 


->• M^k ® L^z) 


the corresponding t/(st 2 )-intertwiner, normalized so that 

• v^k = v^k <8>v+ (l.o.t.). 

6.2. Wakimoto realization of intertwiners. In [EK94, Section 5], a different normalization of this inter¬ 
twiner is considered via the Wakimoto realization. Let A be the algebra generated by a„,/I n , 7 n for 
subject to the relations 

[o n ,O m ] 2n5 n+m fi and [fdn>Tm] 0 

with all other commutators zero. Define also the bosonic fields 

d{z) = Y an2 _ "“\ P(z) = Y l^riZ~ n ~ 1 > 7 (z) = Y 7nZ~ n - 

n£Z n£Z n£Z 

Define the Fock module H\ k to be generated by the vacuum vector v\ ^ with properties 


a n v\,k = 0 for n > 0 /3 n v \, fc = J n +iv\,k = 0 for n > 0 a 0 v\ yk = 


A 


V\ ,fc. 


Vk + 2 A ’ 


A free field realization of the Verma module was given in terms of these Fock modules by Wakimoto in 
[Wak86]. In our notation, this realization is given as follows. 

Proposition 6.1 ([EK94, Equation 5.7]). The assignments 

J e (z) = /3(z) 

Jh(z) = -2 : ^(z)'y(z) : +Vkcx(z) 

Jf(z) = ~ ■ l(z) 2 /3(z) : +^a(z)"/(z) + (k - 2)7 '(z) 

define an action of U( sb) on H\ k - For generic A and k , the resulting module is isomorphic to the Verma 
module M\ ik with v\,k the highest weight vector. 

Define now the classical vertex operator 

X(ca,z) = exp ( C Y^ ^-z~ j exp (— 


■z~ n e ca z ca ° 


n< 0 


n>0 


and the screening operator 

U(t) = P(t)X(— a/y/n, t). 

These two operators define the intertwining operator which appears in [EK94, Section 5]. 

Proposition 6.2 ([EK94, Equation 5.8]). For any cycle A on which log(tj), log(fi — tj), and log(fj — z) are 
well-defined, the operator $ M (z) : M M) fc M fJi ^L 2 m(z) given by 


<f> ll (z)v=z (fc +2 ) Y ( / X ( / 7 ^ 1 — a, z ){-'){ z )) n U{tl)---U{tm)dti---dtm ) V (g) —rW—2mj 

\j A Vk + 2 ) n\ 


2m+l 


n=0 


is an intertwining operator of 17( 5 I 2 ^representations. 

Remark. Proposition 6.2 has a different normalization from 1EK94, Section 51 because we take d to act by 
0 on M x .k- 
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6.3. The Etingof-Kirillov Jr. expression for the classical trace function. We now apply the com¬ 
putation of [EK94, Theorem 5.1] to compute in Corollary 6.8 the classical trace function 

TV I ( ( f, u 'o,cI „2d 0 m\h\ 

e J. 

We begin by defining the normalized traces which appear in [EK94, Theorem 5.1]. For q = e mT , define the 
function 


F(X,t,h, k) 


Tr|M„ fe ($ M g- 2d -^e-^) 
T r| M | k (q- 2d -^ e ~ niXh ^ 


and its normalized version given by 


Tr| 

F( A, r, n, k) := F (-A + r/2, -r, /x - 1, k - 2 ) =- - -v— 

Tr| m*- 2 k 2 (q 2d e nXh ) 


An integral expression was given in [EK94] for F( A, r, /x, fc) using the additive notation 

(6.1) 6b(C | t) = 2 e 7riT / 4 sin(C) [J(l - e 27rinT e 2iC )(l - e 2 ™ nT e~ 2ii )(l - e 27rinT ) = 0(e 2iC ;e 2niT ) 

n> 1 


for the first Jacobi theta function. 

Theorem 6.3 ([EK94, Theorem 5.1]). For /x £ C and k = k + 2 with k 0, Im(r) > 0, Im(A) > 0, and 
to > 0 , we have 


F(X,T,/j,,k) = e 

n 

i<j 


— p-iriA(ju-f) 


fc . m(v-m) 


(-l-(i)/«TT /" ~ CO I r ) 




f?i(0|T) 


—2m / k, 


<9i(7r(Ci - 0) I r ) \ 2/h 


«i(0 


) z/ /■£ m 

to! n G(z, U | r, A + T/2)dt\ ■ ■ ■ dt n 

i =i 


where A is a cycle chosen so that logC. log(tj — tj), and log(ij — z) have single-valued branches on A, the 
function G is defined by 


G(l,e 2 ^|r,A) 


lp-271-iC 

2 


6>i(tt(A-0 | t)0'i(O I r) 
9i(ir\ | t) 0i(tt( | t) 


and we take the coordinates z = e 2m ^°, ti = e 2 '"*’ 4 , and <7 = e 7 ” r . 

2 

Remark. In [EK94, Theorem 5.1], d is normalized to act on v^ t k by — 2 ^ +2 ) ■ this work we normalize 
d to act on by 0, hence the statement of Theorem 6.3 differs in normalization from the statement in 
[EK94, Theorem 5.1]. 

We now specialize to to = 1 and set z = 1 (since F(X, r, /x, k) is independent of z). After computing all 
relevant normalizations, we obtain in Corollary 6 . 8 , the classical limit of T w ° ( q , A, w, /x, k) from Theorem 5.1. 


Corollary 6.4. For /x, k G C, k 7 ^ 0, |q| > 1, Im(A) < 0, and to = 1, we have 


F(X,T,n,k) =2£ e - a £V^-§)te 2;g 2) 


0o (< 


2-kiX . ^,—2 


<r 2 ) 




6» 0 (t;<7 


-21 


where A is a Pochhammer loop around 0 and 1. 
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Proof. Direct substitution and setting 2 = 1 in Theorem 6.3 allows us to choose A to be a Pochhammer loop 
around 0 and 1 and yields 

F(X T Uk) = e-^(M-4) [ l r )) V" i t -i 0i(^ + T/2-C 1 )\ T )e / 1 (0\ T ) dt 

Ja V 0, i(°l T ) / 2 0 i(tt(A + t/2) I t)0i(ttCi I r) 

= / ^M±i_i 6 >i( 7 r(A + r/2-Ci) | r)_gi(0 I ± 


= e -2 ^ e —7riA(M— f) _ 


= p --rT5e _7riA (^ _, 5) 


2 6»i(7t(A + t/2) I t) 

-h\i 0[{0 | t) *+2 /' 


2 6»i(tt(A + t/ 2) I r) 


6>i(7t(A + t/2) I r) 0i ( 70/1 | r) * 

2 f g±l_i 6>1 (tt(A + t/2 - Cl) I t) 

)\r)J A “ 0iKi|t)^ 

^ _ /' >i+l-1 0l(7r(A + T/2-Cl) I t) 

)M7a' ^KrlT)^ 


We now compute the derivative 

01(0 | t ) = -2e™/\q 2 -,q 2 )e' 0 (l-,q 2 ) = 2 e^\q 2 ; q 2 ) 3 . 
Substituting and applying (6.1) and (A.l), we conclude 

f(A,r,„,t) = 8 - (0 1 0T f 


2 0i(-ttA I t) 7 a 


01 Ki I t)*F 


= e * e 


/ —2 2\ 2 ,+ 4 /> 

2 0 o (e 2 *‘ A ;<r 2 ) J A 


-iuii-i 9 0 (te 2 ' KiX ;q 2 ) 


0o (t;q~ 2 )- 


( —2 2\ 2fc + 4 

= 2 fe-^e^-t) (g ;g f t 

0 o (e 2 ^;g- 2 ) J A 


-A=l_! 9p(te 2nlX ; q 2 ) 

0 o (<;<r 2 )^ ‘ 


Lemma 6.5. For |g| > 1 and Im(A) < 0, we have that 


TrU v( 


q2d e m\h\ = 


Proof. Since negative roots take the form —a, ±a + m<5, mS for m < 0, we obtain 

Tr | M fc k (q 2d e niXhS J = e ^h+2rd^p+kA 0 ) J|(1 _ e ni(\h+2Td,P)yl = ( g "2. q -2ylQ^-toiX. q ~^~\ □ 


Corollary 6.6. For |g| > 1 and Im(A) < 0, we have that 


TrlM„_ 1 , k - 2 ($ M -iq 2d e niAh ) = -2$e-^e 


(— 2 . — 2 \ k j 4 r 

= — 2Tg _2 f i e 7r?A (^+ 1 ) — 1 _ / 

0o(e 2 ^;<r 2 ) 2 J A 


(te™ x ;q~ 2 )^ 

1 Q _ 2 \At2 al ’ 

0o(i;5 2 )^ 


where A is a Pochhammer loop around 0 and 1. 

Proof. By Corollary 6.4 and Lemma 6.5, we may compute 
Tr|M M _ lifc _ 2 (%- iq 2d e™ xh ) = F( A, t, M , fc)Tr| M ^ fc _ 2 (<Z 2 V iAft ) 


= 2T e -3 f i e 7riA (M- 1 )_ 2;g 2 ) 


,-iL=±-i 0o(te 27riA ; q 2 ) 


9 0 (e 2niX ; q- 2 )9o(e~ 2 ™ x ; q~ 2 ) J A 


9o{t;q~ 


= _2T e - 3 f i e’ riA ^ +1 ) 


(q~ 2 ;q~ 2 ) + f .-t=±-i 9o(te 2niX -, q~ 2 ) 


9 0 (e 2niX ;q~ 2 ) 2 J A 


9 o(t;q 


Lemma 6.7 (Beta integral). If A is a Pochhammer loop around 0 and 1, then 


/ ^(l - tf^dt = (1 - e 2nia )(l - e 2 ^)Jl®. 

J a r(a + /3) 
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Corollary 6.8. For |g| > 1 and Im(A) < 0, we have that 


Tr| 


( <T,' u 'o,cl 2dni\h\ 


eW iX^+i) e ni^ r (i^i )r (^i) ^ q —2. q —2)~ 


1 


6 0 (te 2 * iX ]q - 2 ) 


dt , 


r (-f) 9 0 (e 2 ™ x ;q~ 2 ) 2 J A 2wit 9 0 (t;q~ 2 )‘ 

where A is a Pochhammer loop around 0 and 1. 

Proof. Because both $ A1 _i(z) and $“° 1 ( 2 ;) are intertwiners 1,^-2 -A 4 > m -i(A) is a 

scalar multiple of 3>^ 1 (2). Applying Lemma 6.7, the constant of proportionality is 

( v *n-i,k-2>®n-i( z ) v i*-i,k-2) = lim lim e -^(/*-l)Tr| ($ IJ .-iq 2d e m> ‘ h ) 

^ ’ o —>00 A— > —ioo V / 


= 2 e k 


/ A 


M-l . . fc+2 

t " lr " (1 — f) dt 


= 2 fc f 


L (l- 


-271-1^4- 




r (fc^+i)r(-2) 

r(M^) 


“”^27^(1 - e - ^) fc ' ) 


= 2^e f- e 

Normalizing the result of Corollary 6.6 we conclude 




rru ( (f,™o,cl 2d Tri\h\ _ 

-1 r |M (1 _i,fc_ 2 y®f_i-l,k-2 < l e J 


2U-Ve^M(l - 


e mx(M+ i) e >iV r (^) r (^) (g- 2 ;g- 2 )' 


_ 47ri 

1 - e _ "u 


r(-f) d 0 (e 2 ^ x -q- 2 ) 2 J A 2nit 


1 t -vMAAcA t . □ 


9 0 (pq- 2 ) - 

6.4. The classical limit of the trace function. We now obtain the result of Corollary 6.8 as a consequence 
of Theorem 5.1. For this, we take the classical limit of T w °{q 1 A, ui, fi, k ), given by /z and k fixed and 

q = e £ cu = £ _1 fl A = £ _1 A 
as £ -A 0. Define the resulting limit of T w °(q , A, w, /z, k ) by 

t(A, fl, /z, k) := lim T w °(e s ,s~ 1 A, e~ 1 Q, fj,, k). 

e->0 

Theorem 6.9. If A, fl, /z, A: are real with — 1 < /j, < 1, the classical limit of T u ’°(q , A, w, /z, fc) is given by 


t(A,Q,/z,fc) = 


(e- 2n ;e- 2n )^r(^)r(^ 


) f dt 0 0 {te 2A ;e 2n ) _r-i 


!-e-T 0 o(e 2A ; q~ 2n ) 2 


n-D 


A 


2irit 


9o(t; e 


-2Q\ 


[e,q- 

where A is a Pochhammer loop around 0 and 1. 

Remark. Theorem 6.9 computes the classical trace function 

Tr| M,_ llfc _ a (^i C ,fc- 2 ( z ) e2n<le2Ap ) 

and agrees with Corollary 6.8 under the variable substitutions q = e° and A = A as expected. 

We require some elementary asymptotic lemmas for the proof of Theorem 6.9. 

Lemma 6.10 ([AAR99, Corollary 10.3.4]). For i£C - {0, —1,...}, we have 

lim (l-p)i-*(P±PL=r(x). 
p-> 1 - ( p x ;p) 


Lemma 6.11. We have 


p-> 1 - ( P b iP ) 

Proof. This follows by applying Lemma 6.10 twice. 


lim Ki4(l- J ,)-‘ = r < ! ’) 


r<«) 


□ 
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Lemma 6.12. If it and v are complex with |it|, |u| < 1, we have 

lim (p a u\ v) = (it; v ) 

p—¥ 1“ 

uniformly on compact subsets of |u| < 1. 

Proof. We evaluate the limit as 

lim ( p a u ; v) = lim exp ( — > > 

p-¥ i- p->i V 2 —' z -^ 


pam u m v m 


, __. ___ m nm. 

= ex p (- E E ——) = ( u ; v )- 


□ 


m> 0 n> 0 m>0 n>0 

Lemma 6.13 ([AAR99, Theorem 10.2.4]). For complex it with |it| < 1, if b > a and a + b > 1, we have 

(p a u;p) M b _ a 


lim 


= (i-«r 


p-> i- (p b u;p) 

uniformly on compact subsets of |it| < 1. If a + 6 > 1 does not hold, the convergence is uniform on compact 
subsets of {|it| < 1} avoiding 1. 

Lemma 6.14. For complex it, if b > a and b <£ {0, —1,...}, uniformly in p < 1 near 1 and |it| = 1 near 1, 
we have 

< C(1 _ .Ab-a 

(p b U-p) 

for some constant C uniform in it and p. 

Proof. Choose to > 0 so that a + b + 2m > 1. For this to, we have 

(. P a w,p) = {p a u-p) m (p a+m u;p) 

( P b u ; p) (p b u\ p) m (p b+m u ; p) ’ 

so by Lemma 6.13 it suffices to show that \Z P b+i u is uniformly bounded for 0 < l < m — 1. Let p = e E and 


u = e 


2niS 


1 — p b+i u 

and notice that for some constant C\ and p, it sufficiently close to 1 that 


1 -p a+l u 


up\p a -p b ) 

\p a — p b \ 

/i i ^ 1 ^ i i n 

6 — a|e 

1 —p b+l u 


1 —p b+l u 

— ^ i-i L_|_7 1 — 1 ^ 

1 — 

1 1(5 + l)e + 27r*<5| 


< 1 + Ci 


\b~a\ 
I b + 1 1 


which is uniformly bounded, as needed. 


□ 


Proof of Theorem 6.9. Recall from Theorem 5.1 that 

7 A/4— A+2 (fl— 4. n — 2co 

T w °(q,\,uj,p,k) = 


q"r '" 2 (q~-,q 


(q 2k ;q 2k )(q i q 2k ;q 2k ) 


9o{q 2X ; q-2^)( g 2A- 2(7 -2 W . q -2^( q -2\-2. q -2^ ( q ~2p+2. q -2k^ g 2p+2 q -2k. q -2 fc) 


(q~ 2uj+2 - q~ 2ul , q~ 2k ) 2 

( q ~ 2u ~ 2 ; q~ 2u , q~ 2k ) 2 


dtt 

27t it q 


-n q ,(t-q- 2 ^q- 2k ) 


- 2 kM t( l~^^- 2k ) 0 O (tq 2X -q~ 2 “) 


6o{tq- 2 ;q~ 2k ) 9 Q (tq~ 2 ; q~ 2ul ) : 
where Ct is the unit circle. Applying Lemmas 6.11, 6.12, and 6.13, we obtain that 

r , - 4 -2U) _ g A ^~ A+2 _ (g~ 2fc ; g~ 2fc )(g 4 g~ 2fc ;g~ 2fc ) 

e™ 19 ,q } 6 q ( q 2X ;q- 2 “)(q 2X - 2 q- 2 “-,q- 2 “)(q- 2X - 2 -,q- 2 “) ( q -2p+2. q -2k^ q 2p+2 q -2k. q -2k} 


fiA—A(—2Q. — 2fi 


r(^)r(^) 


and 


lim 


(g“ 2w+2 ;g“ 2 " ,q~ 2k ) 2 


E—>6 (g 2lu 2 ;g 2tJ , q 2fc ) 2 e—> 0 H (g — 2w(n+l) — 2. q —2k^2 


'o(e 2A ; e _2f2 )(e 2A_2n ; e _2n )(e _2A ; e~ 2a ) F(l)r(-|) 

... x H-l)+2. n — 2k\2 


n >0 v ' n>0 

Uniformly on compact subsets of Ct , we have by Lemma 6.12 that 

; q~ 2uj ){t~ l q~ 2X q~ 2u ] q~ 2ul ) ( te 2A e ~ 2L ; e 


(■ tq 2X q 2ul ;q 2ul )(t 1 q 2X q 2ul ;q 2w ) (te 2A e 2f2 ;e 2f2 )(t x e 2A e 2f2 ;e 2Q ) 


H (tq~ 2 q~ 2u ;q~ 2 ^)(t~ 1 q 2 q~ 2u ;q~ 2u ) 
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and for sufficiently small q 2u> by Lemma 6.13 that 


_ (j. 2 2k\(±— 1 2 2oj(n-\-l) 2k. 2k\ _ 

Ihn TT W g ___ Jl _ W 1 1 ___ 1 _ '1 _2 = TT (1 - ie- 20 (n+ 1 ) r I a _ 1 2 n(n +1 ) r f 

e^ 0 li (tq 2 q- 2uj (n+l); q -2k^ tr l q 2 q -2u,(n+l) q -2k. q ~2kj 1JL ^ ^ ' ' ' 

Finally, by Lemma 6.13, uniformly on compact subsets of C t avoiding 1 we have 

lim 1 -tq 2X (tq~ 2fl - 1 q- 2k ){t- 1 q 2lJ -q- 2k ;q- 2k ) = ^ 2A) (1 ~ (1 ~ 


£ 1 — tq~ 2 ( tq 2 ; q~ 2k )(t~ 1 q 2 q~ 2k ', q~ 2k ) 


1 - t 


where we note that for —1 < /x < 1 both — and are positive because /c < 0 for our choice of 
parameters. Combining the previous three limits and applying Lemma 6.14, on a small enough compact 
neighborhood of 1 in Ct, the integrand has asymptotics bounded uniformly in £ by a constant multiple 
of (1 — Therefore, the limit of the integral may be computed by omitting a shrinking compact 

neighborhood of 1 in Ct, so we conclude by uniformity of the limits on compact subsets of Ct avoiding 1 that 


t( A, fi, /i, k) = — 


e /xA A( e 20. e 20) 


r(¥)r(Mr),_ 


6*0 (e, e -20)( e 2A-20; e -20)( e -2A; g—20) r(l)T(-§) 

dt N m+i . i. i 


( e - 2 0; e -20)i 
0 o (Ae 2 A ;e- 2n ) 


/Ct 2«t v 6»o(t;e-20)(te-2n ;e -20) 1 j( t -i e -2n ;e -2n)i 

e ,A+A e iiV( e -20 ;e -20)^ r (fizl) r (tHli) r dt Oo{ t e 2A ;e -20) 


1 -e"^ $o(e 2A ; e _2f2 ) 2 T(-§) J A 0o(t; e - 20 )^ 

where in the second equality we recall that A is a Pochhammer loop around 0 and 1, note that 


J.-1 Li - 1 


(1 — t) fc (1 — t 1 ) k = e 7 ™ k t k (1 — t) k 

uniformly in t on the complement of the positive real axis, and note that the integral over A is related to 
the integral over Ct by the monodromy around the branch point at t = 1 . □ 


7. The trigonometric limit 

We show that the trigonometric limit of our computation recovers the trace function for U q (sl 2 ). 

7.1. Conventions for U q { sb). Recall that U q (s l 2 ) is the Hopf algebra generated by e,f,q h with relations 

q h eq~ h = q 2 e, q h fq~ h = q~ 2 f, [e, f] = 

q-q- 1 

and coproduct and antipode 

A(e) = e 0 1 + q h ®e, A(/) = f ®q~ h + 1® f, A (q h ) = q h ® q h - 

S{e) = -q~ h e, S(f) = -fq h , S(q h ) = q~ h . 

As defined, U q (sl 2 ) is a Hopf subalgebra of (st 2 )- Let Af ;j denote the Verrna module for U q (sl 2 ) with 
highest weight /i, and let v tl be its highest weight vector. It has a basis {/' J u M } J > 0 , on which U q ( 0 I 2 ) acts by 

e-f 3 v tl = [n-j+ l][j]f J ~ lv l _ l , f ■ = / J+1 u M , q h ■ = q^ 2j f J v^. 

If fj, is a non-negative integer, let L M denote the finite-dimensional irreducible module with highest weight 
/x. We pick a basis {w 2 j} for L 2 ^ so that U q (s I 2 ) acts by 

e • w 2 j = [m - j]w 2 j+ 2 , / • = [n + j]w 2 j- 2 , Q 71 • w 2 j = q 2j W 2 j■ 

Note that this basis is compatible with the basis for the evaluation module L 2 ^{z) for U q (sl 2 ). 
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7.2. Computing the trace function for U q ( s^). For wo £ L 2m , let $™o> tri s be the unique intertwiner 

$ »o,trig . M/i _+ M ^L 2m 

for which $^°’ tris (u At ) = <g) Wq + (l.o.t.). We compute the trace function associated to $™°’ tri g in a manner 

similar to that used in the opposite coproduct in [EV00, Section 7]. 

Lemma 7.1. For wq £ L 2m , the intertwiner $^ 0,tris acts on the highest weight vector £ Mf by 

m r , 

*7’ tris M = E(-i ) j ^- 3(j - 1] pjj-/E ® mi- 

Proof. For some constants Cj (//, to) with co(/i, m) = 1, we have 

m 

^r ,tris K) = Y m )f jv v ® ^2 j. 

3=0 

Because < 3>“°’ trlg (u A1 ) is killed by A(e), we find that 

m m 

0 = Cj(n, m)ef j V[ l ® w 2j + Y^ Cj(n,m)q h f j v tl ® ew 2j 

3=0 3=0 

m m 

= '^2 c j(n,m)[n -j + 1 ][j]f 3 ~ 1 v ll ® w 2j + Y. Cj (ii, m)q tl ^ 2j [m - j]f 3 v^ ® w 2j+2 . 

3=0 3=0 

Taking the coefficient of f J v /Ll w 2 j +2 yields 

Cj(M, m)q fl! ~^ J [m - j ] + c j+1 (fj,, m)\fi - j] [j + 1] = 0 
and therefore by induction we find that 

c,(/b m) = (-! )ig«-;Ci-i) Hi n 


Proposition 7.2. If |g 2A | <C 1, the trace function for <j>“' 0,tris converges and has value 


1 vM*r ,r v v >=« A - 1)1 


Z=0 


w* rfcSa - w 2 ^ +21 ) nU(! - 9" 2A - 21 ) ‘ 


Proof. Applying Lemma 7.1 and the expansion 


A (f k ) = Y n ^~'| l(1 —® q~ {k ~ l)h f l , 


i—o n i= i(i-« 

we obtain 

$w 0 ,trig( q 2*Pfk v ^ = g^- 2 AfeA(/ fc )$“ 0 ’ trig (^) 


= q 


= q - - 


\[i—2\k 


k yrk 
\ ^ 11 i- 

h~\ iU(i-9- 2i 

n i=fc - I+ i(i ? 


/i 

„-2i\ 


£(- 

■i> 

3= 0 


[■ m \j 

i 


[tAMj 


'Vn ® W2j 


3 — 1 


nU(i-r 2i ) 


bAj\j]j 


VftMq (k l)h f l w 2j . 


1 =0 y j j =0 

The diagonal terms correspond to the j = l term of the above summation. Notice that 


q l ' )h f l W 2 i = [m + l]iwo- 










TRACES OF INTERTWINERS FOR QUANTUM AFFINE sl 2 AND FELDER-VARCHENKO FUNCTIONS 


41 


We conclude that 


= e S n ++ ..C } W4 ™ + ;|i 


/c>0 


1=0 


nU(i-r M ) 


= 9 


Ap V^/_ i nl-l(l-l) N‘[ W + jli „-2A(fc-Z) W 1 9 


-20 


;>o 




k>l 


n; = 1 (i-<z- 2i ) 


= 9 


Ap 1 \l -2\l ul-l(l-l) M;[m + /]; 

y y 


;>o 


[M]i nUa-r 2 ^) 


= 9 




□ 


i=o ni=S(i - ^ +2i ) nU(i - ?- 2A - 2i )' 

We make our previous computation explicit in the special case m = 1 corresponding to the three- 
dimensional representation. For wq £ L 2 , define 

T w °’^(q, A, fi) = Tr| (^f 8 q 2Xp )- 

Lemma 7.3. We have 

n Xfi—X , i 2^+2 n ~ 2A+2 _i_ n ~2fi—2X. 

T wo ’ tris (a A /t ) = — _( -_ - _ - _ — _) 

,W l-<r 2A V (1 — < 7 - 2 ^+ 2 )(l — < 7 - 2 A- 2 ) )■ 

Proof. This follows specializing Proposition 7.2 to the case m = 1. □ 

7.3. The trigonometric limit of the trace function. We check that the trigonometric limit q~ 2u —> 0 
of T w °(q, A, to, /i, k) corresponds with the trace function for L+s^). 

Theorem 7.4. We have that 

lim T w °(q,\,u,,n,k)=T w °’ tri *( q ,\,ri. 

q-2oj _^.Q 

Proof. The limiting expression is the constant coefficient in q~ 2u of T w °(q, A,w, n,k), which by Proposition 
5.11 and Lemma 7.3 has value 

7 ( — 2 /x+ 2 )n^q _ q 2\—2 q 2kn'j ^ q —4 q 2kn. q —2k^ 


„ ^- A+ 2 (l- 9 - 4 ) (q- 2p ~ 2 -,q- 2k )^ 

g ~™-+0 T (l_g2A)(l_ g -2A-2) ( g - 2/i+ 2 ;(? - 2 fc) L 


q y 


n> 0 


(1 - q~ 4 q 2kn ) 


(i q 2kn ;q 2k ) 


ryX/J, — A+2 


(q 


-2„-2. q -2k^ _ q -A 


ryXfl -A + 2 


■£< 

n>0 

^q—2fi—2.q—2k^ / ^q—2fi-\-2—2k . n ~2k 


(1 — <? 2A )(1 — q~ 2X ~ 2 ) ( q~ 2 r + 2 ; q ~ 2k ) (1 — g 4 ) 


(— 2 / 4 — 2— 2k)n /-i 2X—2 2kn 


(1 -q 2X - 2 q 2kn )-PL 


(q 4 > q~ 2k ) 


(g _2fc ; q ~ 2k ) 


(x — g 2A )(l — g _2A_2 ) ( g-2/i+2; q-2k^ A (, q—2^—2—2k . q-2k^ 

= T too,trig( 9 ) A )M ). 


;<? 2 ) „2A~2 (g 2M+2 ;g 2 + 

( q 22 ; g- 2 fe ) , 


□ 


8. Symmetry of the trace function 

In this section, we show that a certain normalization of the trace function is symmetric under interchanging 
(A, u>) and (n,k). To state the symmetry which we will show, define the Weyl denominator S q (A,aj) by 

<W A,u;) := Tr\ M - ir (q 2Xp+2u T 1 

and the normalized trace 

T w ° (q, A, w, fM, k ) := S q { A, c o)T w ° (g+ -A, -w, /x, fc), 

where on the right we consider the quasi-analytic continuation of T w ° ( q , A, w, /x, fc) to the region of parameters 
\q\ > 1 , \q~ 2u \ < 1 , and |g" 2fc | > 1 . 

Theorem 8.1. The function T w ° (g, A,w, n,k) is symmetric under interchange of (A, w) and (/x,fc). 

For Theorem 8.1, we first compute the quasi-analytic continuation and the normalization factor <5 g (A, w). 
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Lemma 8.2. The quasi-analytic continuation of T w °(q, X,u,fj,,k) to |g| > 1, | q 2u \ < 1, and | q 2k \ > 1 is 

q \»-\+2( q -4. q -2 U j ]. ( q -4. q 2k^ q 2k. q 2kj 


l™°( g ,A, W ,^,fc) = 


(<Z 2A ; g- 2w )(g 2A - 2 g- 2 “; g—2^)(g—2A— 2 ; q - 2 ^) 1 — g4 ^ q 2fi—2. q 2k'j( q —2fi—2+2k. q 2 k'j 


(q 


-2ui-2+2k. q -2ui q 2ky. 


—2o;+2+2fc. q — 2co q2k~^2 


1 * 1=1 


dt 

-— 

27T*t 9 




e Q (tq 2 ^ iq 2k ) e 0 (tq 2X -q- 2 “) 
9 0 (tq 2 ;q 2k ) 9 0 (tq 2 ]q~ 2u ) ' 


Proof. This follows from Corollary 5.12 and Proposition 3.7. 
Proposition 8.3. We have 


□ 


<5,(A, u>) = q x (q- 2 “-,q- 2 “)0o(q~ 2 \ q~ 2u )- 

Proof. Notice that 

5 q { A,w) = Tr| M _ p _ 2Ao ( q 2X P+ 2 “ d y 1 = g (p+ 2 Ao, 2 A P+ 2 ^d) _ g -(/b 2 A +W))mult(/3) 

/3>0 

( 8 . 1 ) = g A (l - g - 2A ) Y[ (i - g _2ajm )(l _ g 2 A - 2^ m)(1 _ q -2\-2umj = g A ( g - 2 -. q -2u:^ q -2X. g -2u^ 

m> 0 

where we recall that the positive roots for U q (sl 2 ) have multiplicity 1 and are given by 

{a,±a + mS, m5 | m > 0}. □ 

Proof of Theorem 8.1. By Lemma 8.2 and Proposition 8.3, after some cancellation it suffices to check that 


dt 

jt| =1 2 ™t lr 


2A 4 UjU O (+> n~ 2 k\ 

rllq 2 (t,q ,q ) 


-2k Mtq-^-,q- 2k ) Oo(tq 2X ;q- 2u ) 
O 0 (tq~ 2 -,q- 2k ) 9 0 (tq- 2 ;q- 2 “) 


= q 


-2 p 


dt 


l*l=i 


27T*t 


-Mt-,q- 2 “,q- 2k ) 


-2ksMtq 2lJj -,q 2k )0o{t q 2X - q 2u ) 


e 0 (tq- 2 -,q- 2k ) 9 0 (tq- 2 ;q~ 2ul ) 


By Lemma A.3, we have that 


o n.„- 2 u, „-2 fc^_o ^-l..- 2 u, „-2ks0o(t q \q 2k )9o(tq 2 -q 2 “) 

,9 )-SV(t .9 .9 ) 9o ( ( -i,- 2; ,-29 )eo („2;,- 2 ., 

4 q /.-i. -2c 2ks °o(.tq~ 2 ;q~ 2k )0o(tq~ 2 ;q~ 2ui ) 
9 q2[ ,q ' q ' 9o(tq 2 -,q- 2k )eo(tq 2 -,q- 2 “) ' 

Upon substitution, this implies that 

~ _ 2k ^9 0 (tq- 2lJ --,q- 2k ) 9 0 (tq 2X ;q- 2u] ) 


2A 4 UL o 2a; 2fc\ 

i lq2 (£, q , q ) ■ 


| t | =1 27rit" 9 


9 0 (tq- 2 ;q- 2k ) 9 0 {tq~ 2 ; q~ 2ul ) 


-2A+4 


= 9 


= 9 ~ 2,i 


dt 


\t\—i ‘I'nid 




- 2 ks d o{tq 2k )9 0 (tq 2X -q 2u> ) 


9o(tq 2 ;q ~ 2k ) 9o(tq 2 ; q~ 2u ) 


dt 


-nAr l -q- 2 ^q- 2k ) 


-2 kX*-V";<r 2fc ) 0o(i-V 2A ;<r 2t; ) 


= q 


— 2 p 


|t| = l 27TfU" 9 ' 

^ O C+. — 2 fc\ 

* *q 2 q -,q ) 


9 0 (t~ 1 q- 2 ;q- 2k ) 6>o(* -1 <r 2 ; 0 _2w ) 


- 2 u, -2k\ e o(tq 2ll -,q 2k ) 9o(tq 2X -q 2 “) 


T\ t \=i2mt" q - y " 1 ' 1 O 0 (tq~ 2 -,q- 2k ) 9 0 (tq~ 2 ; q~ 2 “) ’ 

where in the last step we make the change of variables t^t~ x . 


□ 


9. Application to affine Macdonald polynomials 

In this section we explain how our trace functions relate to the affine Macdonald polynomials for 5(2 
defined by Etingof-Kirillov Jr. in [EK95]. We use them to prove Felder-Varchenko’s conjecture that their 
definition of affine Macdonald polynomials via hypergeometric theta functions in [FV04] coincides with that 
of [EK95]. The classical degeneration of this section is related to the study of conformal blocks in [FSV03]. 
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9.1. Affine Macdonald polynomials as traces of intertwiners. Fix an integer k > 0. For integers 
k > p > 0, let Lfj ,denote the irreducible integrable module for U q (sl 2 ) with highest weight pp + kA 0 and 
highest weight vector For v £ Sym 2 ^ k_ 1 -*ii[0], we have an intertwiner 

^ p,k,k( z ) ■ ^p,p+kA 0 +(k— l)p —1 -b^p+fcA 0 + (k— i)p<8>Sym ^ ^Li[z) 

such that T” fe k (z)t; w+fcA o + (k-i)p = w w+feAo +(k-i)p ® v + (l.o.t.). Define the trace function 

XpAkfe A,w) = Tr| A(ip+leAo+(k _ 1) - (T“° fe k (z)q 2 A q 2ajd ) , 


where the trace is independent of z. In [EK95], the affine Macdonald polynomial for 5(2 was defined to be 

T , , , Xp,k,k(q,\u) 

Jp,k, k(g,A,w) := - 7 —- —r. 

Xo,o.k(g,A,w) 

It is a symmetric Laurent polynomial with highest term e («>+ fcA o, 2 Ap-i- 2 <p<l). 

Remark. To avoid conflict with the use of k for level, we use k to denote the parameter of the Macdonald 
polynomial. This corresponds to the variable k in [EK95] and m in [FV04]. 

9.2. Elliptic Macdonald polynomials as hypergeometric theta functions. In [FV04], the elliptic 
Macdonald polynomial was defined by Felder-Varchenko in terms of hypergeometric theta functions. Fix 
parameters satisfying |g| > 1, \q~ 2k \ < 1, and |g _2 “| < 1. Define 


Q(q,p,k) := - 


-2 k\ 


2 iq2p-2 i q-2k.q-2k ) 2 eoiq 4.q 

e 0 {q 2 ^- 2 ;q- 2 k )e 0 {q 2 ^ + 2 ;q- 2k ) ' 


In terms of Q, define the I th non-symmetric hypergeometric theta function of level k + 2 by the convergent 
series 

— 2/a 2 r—-v u> + 2 -2 

Ap, K (g,A ,lu) :=q~Q(q,fi,K) 2_^ u(q, n)q~~ J 

jG2«Z+/i 


and the p th hypergeometric theta function of level k + 2 by 


^Ap, k( q> A, cu) . ^Ap, k.(^sA,cu) Ap^(i/, A,cu). 


Then the elliptic Macdonald polynomial is given by 


'^p,k( ( ?j A, oc) :— 


iq 


_0H-2 )_ + £_( m+2 ) 2 + 3 A 


A/i+ 2 A, w) 


{q-^-q-^f 


9o(q 2X ~ 2 ; q~ 2u, )e 0 {q 2X - <T 2 ") 6 / 0 (<Z 2A+2 ; <T 2 “)' 


In [FV04], Felder-Varchenko conjectured that Jp, K (</, A, w) is related to the affine Macdonald polynomial of 
[EK95]. Define the quantity 


Jn, K (q, A,w) := 


2 q 2p+3\+2 ( q - 


■,q- 2 *) 2 e 0 (qYq- 2 *) 


9o(q 2fJ,+2 q~ 2K )0o{q 2fl+6 ; q~ 2K )(q~ 2u ; q~ 2LJ ) 3 9o(q 2X ~ 2 ; q~ 2ul )9o(q 2X - 1 q~ 2ul )8o(q 2X+2 ' : q~ 2ul ) 


Lemma 9.1. For q 2m and then q 2ul sufficiently close to 0 in the good region of parameters (5.1), the 
elliptic Macdonald polynomial may be expressed in the form 


J^ K (q, A, w) = A,cz)J^q ^( K j+p+ 2 )(uj+ 2 ) \,ijj : p + 2 + 2 K j, k) - u{q , —A,w,p + 2 + 2 nj, k)) . 
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Proof. Applying the definitions, we find that 


A,w) = 


iq 


( ii ±^ + ^( /i+2)2+3A 


21 .M + 2) 2 , 

q - < 2 (< 7 ,P + 2 ,k) 


(ig -2 “; q~ 2ul ) 3 9o(q 2X ~ 2 ', q~ 2ul )0o(q 2X ' 1 q~ 2ul )9o(q 2X+2 ; q~ 2ul ) 

^2 (u(g, A, w, j, k) -u(q,-\,u,j, K))q~^ 2 


j £ 2/ , cZ-|-p-|-2 


2q 2fJ+2 q (>i+ K ) + 2 ^ (a*+ 2 ) 2 +3A^ 2 2k, ) 2 9q (q 4 ;g 2k ) 


0 o (g 2A1+2 ; q _ 2 K )0o(9 2/i+6 ; q~ 2K, )(q~ 2ul ; q~ 2ul ) 3 9o(q 2X ~ 2 ] q~ 2ul )9o(q 2X ; q~ 2u, )9o(q 2X+2 \q~ 2u ) 

E cj-J-2 *2 

(w(g, A, w, j, k) - u(g, -A, w, j, k ))? - ”- 7 

j £ 2/ , cZ-|-p-|-2 

= T° iK (g, w ) A, w,p + 2 + 2 K.j, k) - u(q, -A, w, p + 2 + 2nj, «0)g~ 2 A«J+/H- 2 )G+ 2 ) _ n 


9.3. BGG resolution for t/g(s( 2 )-modules with integral highest weight. We introduce now the BGG 

resolution of L Ptkl which will allow us to compute the affine Macdonald polynomial in terms of our trace 
functions. Denote the affine Weyl group of sb by 

W a = (S 0 , Sl | Sg = s 2 = 1). 

It acts on fi via 

Si(a)=— a Si(c) = c Si(d) = d so(a)=2c — a so(c) = c so(d) = d + a — c 

and on t)* via 

(9.1) si(a) =—a si(A 0 )=A 0 si (<5) = <5 so (a) = — a + 2<5 s 0 (A 0 ) = A 0 + a — <5 s 0 (S) = 6. 

Define the dotted action of W a on f)* by w ■ p = w ■ (p + p) — p. For l > 0, denote the length l elements of 
W a by Wq := sosi • • ■ and w[ := siso ■ ■ ■, where w l 0 and w[ contain l reflections. We compute the actions of 
w l 0 and w\ on pp + kAo. 

Lemma 9.2. The dotted action of w\ on pp + kAo is given by 

Wq • (pp + fcA 0 ) = (p + 2 l(k + 2 ))p + kA o + (— l(p + 1 ) — l 2 (k + 2 ))<5 

w 2 ^ • ( pp + /cAo) = (p — 2 l(k + 2 ))p + kA$ + (l(p + 1 ) — l 2 (k + 2))<5 

• (pp + kA 0 ) = (— p — 2 + 2(1 + l)(/c + 2))p + kAo + ((l + 1 )(p + 1) — (l + 1 ) 2 (k + 2) )<5 

w 2 ^^ ■ (pp + fcA 0 ) = (—p — 2 — 2 l(k + 2 ))p + kAo + (— l(p +1) — l 2 (k + 2 ))<5. 

Proof. This follows from an induction using (9.1). □ 


For w £ W a and a reduced decomposition w = s^ • s n . define a 1 = a j, and a - 7 = (sj, • • • s, t)+1 ) (a,.). For 
a fixed weight pp + kA 0 , define n Py k,j = 2 ^ p +^ A °.+^’ Q f . Recalling that v p+ kA 0 is the highest weight vector 
in M pp+kAo , define the vector v^ p + k p +°kA 0 ) b A 


up+kAo 

^w^pp+kAo) 


r n p,,k, 1 

J h 


[np,k, i]! 


J k 




^/xp+fcAo • 


By [EV02, Section 2.7], the vectors v^^p+kAo) are independent of the choice of reduced decomposition and 
span the space of singular vectors in M pp+k a 0 - They yield a BGG-type resolution for given by Verma 
modules indexed by W a . 


Proposition 9.3 ([HK07, Theorem 3.2]). For k > p > 0, there is an exact complex of 17 g (sl2)-modules 


-> C 2 Cl -> M pp+k A 0 —> L pp+ kAo 0 


with each term in the resolution given by Co = M pp -i-kA 0 and 


Ci ^(^w l 0 )-(pp+kA 0 ) ® ^[^^■(pp+kAo) inr l > 0. 
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9.4. Intertwiners for ^(s^-modules with integral highest weight. We now give a criterion for the 
existence of intertwiners involving Verma modules with dominant integral highest weight. 


Proposition 9.4. For integers k > p > 0, let n, = {pp + kAo,ai) + 1. If V[riiai] = 0 for i = 0,1, then for 
any v G W[0] , there exists a unique intertwiner 

M^V{z) 

which satisfies 

® V fj,,k{ z ) v »,k = Vn,k ® V + (1.0.t.), 
where (l.o.t.) denotes terms of lower weight in the first tensor factor. 


Proof. The space of intertwiners M^k —► {z) is given by 

Rom U q (sl 2 )( M ^’ M »,b® V ( Z )) ~ Hom I7,(ii2)( Illd ^(^) )C M.*n ( M m)* ® v ( z )) 

-Horn Ug(i+) (C^ k ,V(z)®(MV tk )*) 

- Hom u,(b +) ( c ^,fe M ^k,V{z)) 

— {u G V[0] I Ift'kV = 0}, 


where I'■= G U q { sb) | u ■ v* k = 0} is the annihilator ideal of the lowest weight vector of M^ k . By 
the identification of singular vectors in Proposition 9.3, the /7 9 (b + )-submodule of M'jf k generated by u* k 
has relations e^v* k = 0 so that I^ t k is generated by meaning that = 0 for any v G P[0] and 

completing the proof. □ 


Remark. By Lemma 2.5, for {p, k) satisfying the conditions of Proposition 9.4, the matrix elements of 
<f>^ k (z) are given by analytic continuation from the generic case. Therefore, trace functions for such integrable 
modules are analytic continuations of trace functions for generic highest weight and continue to be given by 
the expression of Theorem 5.1. 


9.5. The affine dynamical Weyl group action. Let (p, k) be chosen to satisfy the conditions of Propo¬ 
sition 9.4 with respect to £ 2 - In [EV02], for w in the affine Weyl group W a and wq G L 2 P], it was shown 
that there exist dynamical Weyl group operators A Wt L 2 {pp + kAo) so that 




VWiW +fcA ° 

' ) u w-(np+kAo) 


= V' 


pp+kA 0 

w-(pp+kA 0 ) 


A w ,l 2 {pp + kA 0 )w 0 + (l.O.t.). 


In particular, &™° k {z) restricts to a multiple of an intertwiner 

(/xp+fcAo) ^ AI w .^p^.kAo)^L/2{z^)• 


For any reduced decomposition w = , we have 

(9.2) A WtL2 {/ip + kA 0 ) = A Sii (( s i2 ■ • • Si,) ■ {pp + kA 0 )j • ■ ■ A Sii _ i ■ {pp + kA Q )^A Sii {pp+kA 0 ). 

Because I,2[0] is spanned by wq, the dynamical Weyl group acts by a scalar on it, so we will treat it as a 
number. We now compute the action explicitly in Proposition 9.6 by reducing to the trigonometric limit. 


Lemma 9.5. Let p be a positive integer. For wq G L 2 , the diagonal matrix element of the singular vector 
f^ +1 Vp G Mp in is -M. 

Proof. By Lemma 7.1 and the expansion 

p+l Up+l /1 _ —2i\ 

AC f^ +1 ) = 'S~' 'j > rfi+l-l „ -(p-l+i)h A 

h nUa-w 2i ) 

we find that the f^^Vp coefficient in 4‘))’ 0 ’ tris (/ At+1 u M ) is given by 

_ [p + 1] [2] _ [p + 2] 


□ 
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Proposition 9.6. The dynamical Weyl group action on wo € 7 ^ 2 [0] is given by 

„ _ „-4i-2 (g 2 ^+ 4 g 2Z(2fe + 4) ; q~ 2k ~ 4 ) 2 l+l 

A w? l + 1 ,L 2 (pP + kA 0 )w 0 q ( q 2 v q 2 l( 2 k+ 4 ). q - 2 k- 4 j 2l+1 

A / . j A \ —41—2 ( q -V + ^ 2k+A ;q- 2k - 4 )2l +1 

A w% l + 1 ,L 2 (PP + kA o)w 0 q ^-2 M -4 g (2/+l)(2fc+4) ;9 -2fe-4) 2/+1 

, / , A X -4i (q-^q 2l{2k+4) -,q- 2k - 4 hl 

A wf l ,L 2 (PP + kAo)wo q (^ q -2v-4 q 2l{2k+4). q-2k-4^ 2l 

„_4Z (^ + V«-l)(2 fc+ 4) ;g -2 fc -4 )2j 


A wt‘L 2 {pp + kA o)wo = q~ 


(, q 2ii q (2l-l)(2k+4). q -2k-4^ 2l ■ 


Proof. The first value for l = 0 follows from Lemma 9.5 and the fact that < P t fc p A +Vo) is a singular vector 
for the t/ g (sl 2 )-submodule M p C M pp+ k a 0 , so we may compute using the dynamical Weyl group U q (s\ 2 )- 
The second for l = 0 follows by applying the symmetry between Sq and Si and noting that pp + kAo = 
pAi + (k — p)A 0 . The other values follow by applying Lemma 9.2 and (9.2). □ 


9.6. Proof of Felder-Varchenko’s conjecture. We specialize to k = 2, where [FV04] conjectured that 
elliptic and affine Macdonald polynomials are related. We have then that Sym 2 ^ k ” 1 '*Li( 2 ;) = £ 2 ( 2 ) and 

Xn,kA<h X ’U) =TrUp +1 , fc+2 ( $ p+ 1 ,fe+ 2 (^)9 2A 9 2 “ d )- 

In this case, we relate the trace function to the affine Macdonald polynomial via the BGG resolution and 
apply Theorem 5.1 to express it as a hypergeometric theta function in the sense of [FV04]. The proof of 
Felder-Varchenko’s conjecture in Theorem 9.9 then follows. Define the quantity 

0 (n A nA -=_ g~ At+ 2 (g- 4 ; q~ 2ui ) _ 

W./cW ,U) . e ^ q2x . q _ 2 ^ q2x _ 2q _ 2u . q _ 2ul ^ q _ 2x _ 2 . q _ 2 ^ 

(q~ 2u+2 ] q~ 2ul , q~ 2 ^) 2 (q -2 ^; q~ 2k ){q i q~ 2k ] q~ 2 ^) 

^q—2oj—2. q—2uj q—2ky2 ^q2fi-\-6q—2k.q—2k^q—2fi—2.q—2k^ 

Theorem 9.7. For g -2At and then q~ 2u sufficiently close to 0 in the good region of parameters (5.1), the 
trace function Xn,k,2(q> X,u>) is given by 


Xfi,k, 2 ( 9 , A, w) 




-2j(uj+2)(iJ,+2+jk) 


(u(q, A, UJ, -p - 2 - 2 jk, k) - u(q, A, w, p + 2 + 2 jk, fc)) , 


where k = k + 4. 


Proof. Define the function 

T (q, A, w, HP + fcAo + A<5) := Tr| M , p+fcAo+A , (^(^g 2 V“ d ) 

so that 

T(q, A, uj, pp + fcAg + Ad) = q * ul ^ r [' w o (q, A,w,/Lt + l,fc + 2). 

Applying the BGG resolution of Proposition 9.3, we find that 

(9.3) Xp, fe ,2(<7, A,w) 

OO 1 

= J{q,X,uj 1 pp + kAo + p) + '^2'^2(-l) a A w a t L 2 (pp + kA 0 + p)T^q,X 1 uj,wf ■ (pp + kA 0 + p)y 

a= 1 i=0 

We compute the sum in (9.3) by dividing it into four pieces depending on the choice of i and the parity of 
a. In each case, by Lemma 9.2 and Proposition 9.6, the summand is given by a multiple of a trace function 
for integral values of p and k. By Lemma 2.5 and uniqueness of the intertwiner 

$ ™-l t k- 2 ( Z ) ' Mj._i.fc _2 —> M fJ -i'k- 2 ®A 2 (z ), 
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when such an intertwiner exists, its matrix elements are given by continuations of the matrix elements given 
in Lemma 2.5. Therefore, its trace function is given by continuation of the expression of Proposition 2.6 
even for non-generic (p, k). In particular, for all intertwiners involving the Verma modules which appear 
in the affine BGG resolution, the corresponding trace function T w ° (q, A,w, p, k) is given by the formula of 
Corollary 5.12. We now analyze each piece of (9.3) in turn. Setting k = k + 4, we have 


A wj‘,L 2 (l 1 P+ kA o + p)T(q,\,uj,wf ■ (pp + kA 0 + p)) 


__ ( — 2u— 2 n —2k\ 

= q mn+2-ik)u:-4iU - q J q J 2l T(q, A, u, p + 2 - 2lk, k ) 

(q-2n-6 q 4lk. q -2k) 2l 

= X°u,k(q , A, u])q 2l ^ +2 ~ lk){u+2) u(q, \,u,—p — 2 + 2 Ik, k) 


and 


A w$‘,L 2 (l J 'P + fcA o +p)j(q, X,u,wl l ■ (pp + kA 0 + p)) 


= q 


-2i^+2+ik)u,-4i (q-^ +6 q iil 2) j q 2k J 2l T (q : A, w, p + 2 + 2 Ik, k) 
( 9 2 M +2 q (4l-2)k. q -2^ 2l 


= X° *(<?, A, c o)q- 2l ^ +2+rk ^ + Vu(q, A, w, —p — 2 — 2 Ik, k ) 


and 


^^ i+ 1 ,L 2 (^ + fcA o + P) T (9>A,w,M;o ' +1 • (pp + fcA 0 + p)) 


= q 


~ 2r— 2 _(4Z+2)/c . —2k\ 

!(i+i)(/i+2-(J+i)*)«-4i-2i£-£- _ ,g J 2 i+ 1 T(q, A, w, -p - 2 + 2(J + l)fc, fc) 

(9 -2^-6 9 (4I + 2) fe;9 -2 fc)2i+1 ' 


and 


= -x“,fc(g, A, w) 9 2(i+1)(/i+2 - (z+1)fe)(l " +2) R(g, A, w, P + 2 - (21 + 2 )k, k) 

~ A w 2 1 ‘+\l 2 (W> + fcA o + p)T (<?, A, w, wf +1 • (pp + fcA 0 + p)) 

-T(g, A, w, — p — 2 — 2 Ik, k ) 


= 2i(u+2+ik)w-n-2 (g 2 / 1 + V**; g ) 2 /+i , 

^ q 2^+2 q 4lk. q -2k^ 2l + 1 


= A, w )g- 2 /(^+ 2 +;fc)(^+ 2 ) u ( g , A, w, p + 2 + 2 Ik, k). 

Combining our previous computations, we find that 
Xti,k,2(q,\u) , , 0 7 \ 

0 7 —7—r- = u(g, A, w, -p - 2 , k) 

A,w) 

CO 

+ E ( 9 2 /(/i+ 2 _Zfc)( ‘ J+ 2 ) M(g, A, w, -m - 2 + 2 Ik, k) + g - 2 » 0 *+ 2 +ifc)(<-+ 2 ) u ( g} a, w, -p - 2 - 2lk, k 

1=1 
CO 

- E ^ 2 (i+i)(^+ 2 -(i+i)fc)( w + 2 ) u ^ ; a, w, p + 2 - ( 2 / + 2 jk,k) + q -^+^+ik)( u +2) u ^ a, a;, p + 2 + 2lk, k)j 

1=0 

= E g- 2A "+ 2 ^+ 2 +^ ( u ( g , A, w, -p - 2 - 2 jk, k) - u(q , A, w, p + 2 + 2jfe, fc)) . 


□ 


Remark. For Verma modules with dominant integral highest weight, the analogue of Proposition 4.2 may 
not hold, and the Verma module differs in general from the Wakimoto module. In the classical limit, this 
difficulty is addressed in [BF90] by realizing the irreducible integrable module via a BRST-type two-sided 
resolution via a complex of Fock modules. Our proof of Theorem 9.7 avoids the use of this resolution, which 
to our knowledge is available in the literature for the quantum affine setting only in the bosonization of 
[Kon94a]. Instead, we apply the affine BGG resolution to relate trace functions for irreducible integrable 
modules to trace functions for Verma modules with non-generic highest weight, which we then compute by 
analytic continuation from the case of generic highest weight. Our approach should apply equally well in 
setting of the undeformed classical affine algebra. 
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Combining Theorem 9.7 with Proposition 9.8 on Xo, 0 , 2 ( 9 , A, u>) from [EK95], we obtain Theorem 9.9 
relating the elliptic and affine Macdonald polynomials. 

Proposition 9.8 ([EK95, Theorem 11.1]). There is a function /(g,g _2aj ) with unit constant term whose 
formal power series expansion in q~ 2u has rational function coefficients in q such that 

Xo, 0 , 2 ( 9 , A, u>) = /(9,9 _2< ")9 A (9" 2A+2 ;9 _2aJ )(9 2A+2 9“ 2l ";9 _2< ")- 

Theorem 9.9. Let k = k + 4. For q ~ 2/i and then q~ 2ul sufficiently close to 0 in the good region of parameters 
(5.1), the elliptic and affine Macdonald polynomials are related by 


J^ 2 (9,A,o;) 


J ^,k( 9 ,\u)(q 4 ; q 2 ")(g 2u -, q 2 ") 3 (g 2ul+2 ;q 2 ",g 2t ) 2 /+4f 2 p - 6 . -2h f j,.+2 -2t. -2h 

/(g,g _2 “) (g- 4 ;g- 2 fe )(g- 2fc ;g n n '~' n ' 9 M 9 ’ 


— 2k . n —2k^ ^q—2oj—2.q—2oj q—2k^2 


where /(g, g 2tJ ) is the normalizing function of Proposition 9.8. 
Proof. By definition, we have that 

1 - r (9-^T-g 


X°,fc(g, A, w) _ ^+ A+4 (g- 4 ; q~ 2u] )(q- 2u -,q- 2ul ) 3 ( q ~ 2u+2 ; q~ 2u ,q~ 2k ) 2 




(g _2fe ; g _2fe )(g _4 i g -2fe ) 


(g -2 “ -2 ;g _2 “,g _2fc ) 2 


(g _2A+2 ; g _2w )(g 2A+2 g _2 “; g _2aJ )(g _2/i_6 ; q~ 2k ){q 2fl+2 q ~ 2k ; q~ 2k ). 

By Lemma 9.1 and Theorem 9.7 and the fact that u(g, A, w, p, fc) = u(g, — A, w, —p, fc) from [FV04, Lemma 
2.2], we see that 

■^.fefoAjW) X/i,fe,2(g, A,w) 


A > w ) 


xS.fc(g,A,w) ■ 


We conclude by Proposition 9.8 that 
XM, 2 ( 9 , A, w) 


^,fe,2(g, A,w) = 


= A,w) 


Xo, 0 , 2 ( 9 , A,w) 

X°,fc(g:A,u;) 


= J M ,fc(9, A,w) 


jo~(g,A,o;)xo,o, 2 (g,A,u;) 

gM+ 4 (g- 4 ; g~ ^ 2^ . g-2^ ) 3 


/(g, g- 2 “)(g- 2fe ; g- 2fc )(g- 4 ; g- 2fe ) (g- 2 “- 2 ; q- 2 “,q~ 2k ) 2 


( n -2ui+2. -2ui n —2k\2 

V9 ,9 ,9 I /^-2/t-6. -2kw 2/j.+2 q -2k. n -2k 


(g“ 


).□ 


Appendix A. Elliptic functions 

In this appendix, we give our conventions on theta functions, elliptic gamma functions, and phase functions 
and provide some estimates for these functions. For a more detailed discussion of the elliptic gamma function, 
we refer the reader to [FVOO]. We use multiplicative notation throughout the text. 


A.l. Theta functions. We often use the single and double g-Pochhammer symbols 

(«;g) = n^-^g") and («; <?>»■)= n ( 1 -W n r m ), 

n>0 n,m> 0 


which are convergent for |q|, |r| 


< 1. We also use the terminating 

(«;g) 


y -l umiimiiiiiiui oj muui 


(^j g)m — 


(ug m ; g)’ 


Define now the theta function 

^o(«;g) = («;g)(g« _1 ;g). 

The theta function satisfies the transformation properties 

9o(qu; q) = —u~ 1 9a(u; q) and 9o(q~ 1 u; q) = — uq~ 1 9a(u; g) and 0o(u _1 ;g) 


-u 1 9 0 (u;q). 
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We also use Jacobi’s first theta function 9(u; q), given by 

(A.l) 0(u; q) = q^qu^ q)(q; q) = ie^/ A ~ z \q- q)9 0 (u; q) 

for q = e 2nlT and u = e 2mz . We have the following asymptotic estimates for |f?o(it; <z)| which parallel those 
in [FV02, Appendix C]. 

Lemma A.l. If |g| < 1, we have the following estimates on \9o(u',q)\. 

(a) There is a constant C\ (q) > 0 so that for any it 0 we have 

\9 0 (u-,q)\ < Ci(g)|it| 1/2 exp 

(b) For any e > 0, there is a constant C 2 (q,e) > 0 so that for any u / 0 with min n log \uq n \ > e, we 
have 

\9o(u;q)\ > C 2 (q,s)\u\ 1/2 e 
Proof. For (a), define the constant C[{q) by 


For any «/0eC, choose 


so that |g| < |ug ra | < 1. We then have 


C[{q)-= max \9 0 (u-,q)\. 
M<M<1 


n = -Llog|,| |u|J 


(n-1) 


6 0 {uq n ]q) = (~l) n u n q 2 8 0 {u;q). 


We then see that 


\9 0 (u;q)\ = \u\ n \q\ ^ \9 0 (uq n ] q)\ < C[(q) ex p ( nlog|u 


i(n — 1) 


log \q\ 


Notice that 


and that 


f_ (iogH) -p i u \ |u| > 1 

nlog it < < ,, og | l «l a 

1-^ H< x 


n(n-!> Iq^i^i ^ (log|it|) 2 | J-±logM + l |u| > 1 


2 " ol "' 2log |g| ||log|u| + l |it| < 1 ' 

Combining these, for C\(q) := eC[(q) we find that 


\0 o {u-,q)\ < Cx(q)\u \ 1/2 exp 


For (b), define the constant C' 2 (q,e) by 

C' 2 (q,s) := 


min \9 0 (u;q)\. 

M<M<i 

I log M|>e,| log |ug _1 |l>£ 


If min,. 


log | uq™ 


> e, then we have that 


Rn-l) 


\0 o {w,q)\ = \u\ n \q\ 2 \6 0 (uq n ;q)\>C 2 (q,E)exp(n\og\u\ 

Notice now that 


n(n — 1) 


log \q\ 


( (log|u|) 

nlogM > \ 


\u\ > 1 

~ (1 °og'|g l | )2 + lQ g M l U l <:L 


and that 


n(jl ~ ^ io £ |^| > ( log M ) 2 , J^ogH - 1 M ^ 1 


2 log |g| 1 — A log |zt| — 1 |it| < 1 
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This implies that for C 2 (q,e) := e 1 C' 2 (q 1 e), we have the desired bound 


| 0 o(w;< 7 )| > C 2 (q 1 £)\u\ 1/2 £ (- 


(logM) 2 

2 log |g| 


□ 


Corollary A.2. If |g| < 1, for any £ > 0 there are constants Di(q, e), D 2 (q, e) > 0 so that for a, b and z ^ 0 
satisfying 

min I log \zq b q n \ I > £ and min |log \zq a q n \\ > e, 


we have 


D 2 (q, s)q 2 \z 2 q‘ 


2^ a +b\-Z T k. < - 


d 0 (zq a ;q) 


<D 1 (q,e)q 2 \z 2 q‘ 


2a+bl-Z^ 


\0o(zq b -,q) 

Proof. Apply Lemma A.l and the factorization (log \zq a \) 2 — (log \zq b \) 2 = log \z 2 q a+b \ log \q a ~ b \. □ 

A. 2. Elliptic gamma function and phase function. For |r|, \p\ < 1, define the elliptic gamma function 
F (z;r,p) by 

p/ X (2: _ 1 rp;r,p) 

T(z-,r,p) = — -—. 

( z;r,p ) 

Define the phase function fl a (t/z;r,p) by 

(zaT% r,p)(z~ 1 a~ 1 rp-, r,p) T(za; r,p) 


(A.2) 


^ a (z;r,p) = 


(za;r,p)(z 1 arp;r,p) T(za 1 ',r,p) 
It lias the following transformation properties. 

Lemma A.3. The phase function satisfies 

9 0 (z~ 1 cr 1 p)6o(za~ 1 ;r) 


Q. a {z\r,p) = n a (z ;r,p ) 


9 0 {z- 1 a- 1 ;p)9 0 (za;r) 


fl a {pz;r,p) = y^’ r ) n a (z;r,p) 
e Q (za f;r) 

o,-i ^ »o(^yV) n , , 

il a {p z; r,p) = - —r——1 l a (z;r,p). 

do (zap 1 r) 


Proof. Observe that 


! . (1 - za *)(za 1 r; r)(za 1 p,p) (1 - z 1 a)(z 1 ap;p)(z 1 ar;r ) 

ii a (z;r,p) = il a (z ; r,p) 


= n a (z ;r,p) 


(1 — za)(zar; r)(zap;p) (1 — 2 1 a 1 )(z 1 a 1 p;p)(z 1 a 1 r;r ) 
9 0 (z~ 1 a;p)9 0 (za~ 1 -,r) 


9 0 (z 1 a 1 ;p)6 0 (za;r)' 


In addition, we have that 


and that 


(za;r)(z l a 1 r;r) 9 0 (za;r) 

il a {pz;r,p) = - ——r—r- z^a(z;r,p) = — — —r — Al a (z;r,p) 

(za L, ,r)(z i ar;r) Oo(za , r) 


O / -1 1 ( 2a V V)( 2 1 arp- 1 r) 9 0 (za 1 p 1 ;r) 

il a {p z; r,p) = -—— — _ _ - -n a (z;r,p) = —— -—— —il a (z;r,p). 


(zap 1 ;r)(z 1 a 1 pr;r) 


9 0 (zap 1 ;r) 


□ 


Appendix B. Computations of vertex operators, OPE’s, and one loop correlation 

FUNCTIONS 


We give some explicit computations of OPE’s and one loop correlation functions in the method of coherent 
states. For each OPE, we write = to denote equality of analytic continuations outside of the specified domain. 
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B.l. Table of vertex operators. We give the vertex operators used in the free field construction of [Mat94]. 
Define first Y ± (z ), Z±(z), W±(z), and U(z) by 


Y ± (z) = exp (± ^ g**? + d_ m ) ] e ± 2 C“+a> 2 ±*C«o+ao) exp ( T ^ 


m> 0 


•yF'r J—(a m + a m ) 


ra >0 


[fcr 


Z±(z) = exp (=F(g - g *) 53 


,T m _ 


m>0 


[2r 


i"^±m I Q 


T ft o 


W±(z) = exp (r(q - q- 1 ) 


C/(^) = exp - ^ 


m> 0 


[(fc + 2 )m] 


/3_ m J e 2/3 2 '"+ 2 /3 °exp ( 53 


—m Q 


\m> 0 


[(fc + 2)m 


'P n 


In terms of these operators, we define 
1 


A ' +(Z) := (g-g-i)z (X + (z) " Xl(2)) 


for 


X+(z) :=:Y+(z)Z + ( q -^ 1 z)W + (q-h) : 
X+(z) :=:Y-(z)Z + (q^z)W + (q^z)- 1 : 


Define also the screening operator 


S(z) := - 


and 

and 

and 

1 


X~(z) := — 


(g~9 X )z 


(X+(z)-XZ(z)) 


{q-q ^z 


X+{z) ~:Y + (z)W-(q^z)Z_{q-^z) : 
XZ{z) ■.= :Y-{z)W-{q-^z)- 1 Z_{q- h ^z) : . 


-(S+(z) - S-(z)) 


for 


S+(z) ■.= :U( Z )Z + ( q - — z)- 1 W + (q-h)- 1 : 

Finally, define the operators 
V(w 0 ) = exp ( £ ^-(q^p_ m + q^ ( 


and 


S-(z ) :=:U(z)W-{q2z)- l Z-{q—z) 


\-i 


m> 0 


))e( fe+2 ) /3+fca 4 Wo+a o) exp (-X] ^ 


m>0 


£(*o) = exp (-5] + g^™a_ m ))e-( fc+2 )^- fe % |(/3o+ao) exp ( ^ . 


m> 0 


ra >0 


[2 m] 


and the intertwining vertex operator 
(q k + 2 z) m q !£ r-[2jm\ 

m> 0 


4>j{z) = exp ( 53' 


(B.l) 


exp 


[/cm] [2m] 

(qk+2 z ) rn q t T Lm [2jm\ 


(a-m + a- m ))e 2j{a+&) z^ {ao+&o) exp 


(-£ 


(E 

m>0 


[(fc + 2)m] [2m] 


P-rr^e^Pz^ 130 exp ( - 5] 


(q k+2 z) 171 q 2 [2jm] 
m>0 [Am] [2m] 

(q k+2 z)- rn q h P lm [2j m ] 


(o 'm + On 


m> 0 


[2m][(fc + 2)m] 


Pm)- 


We define the modes {a n } of each vertex operator A(z) listed by 


Me) = E 


a n z 


—n— 1 


n(EZ 

with the exception of £( 2 ), whose modes are defined by £( 2 ) = J2nez.P n Z~ n . 

Remark. Our definition of </>j(z) corrects a typographical error in [Mat94, Equation 5.1]. 

B.2. Operator product expansions. We give some OPE’s which will be used in our computations. In 
each case, we mention the domain on which the relevant OPE converges. If no domain is specified, then the 
OPE converges for all values of the variables. 
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B.2.1. OPE’s between S(t) and X (w). We record the OPE’s between S(t) and X (w). We have that 

, fc+1 

S+(t)X+(w) = q f _ : S+(t)X+(w) : \wq k+2 \ < |*| 

, fc+l 

X+{w)S + (t) = q t ~^ k+2 ■ S+(t)X+(w) : \wq k+2 \ > \t\ 

S + (t)XZ(w ) = g : S + (t)XZ(w) : 

XZ(w)S+(t) = g : S+(t)XZ(w) : 

S-(t)X~(w) = q” 1 : S-(t)X~(w) : 

X~(w)S_(t) = q~ l : S_(t)X~(w) : 

, k-\-l 

S-(t)XZ{w) = ^ fc+2 _ W ^ : S-(t)XZ(w) : H < \tq k+2 \ 

J. fc+l 

XZ(w)S-(t) = ^ k+2 _ W ^ : S-(t)XZ(w) : \w\ > \tq k+2 \. 

We will require the following computation for analysis of convergence of the Jackson integral. 

Lemma B.l. We have that 

[xo,S(t)\ = - (q _ l q - l)f { ■■ U{t)Y-{tq- k - 2 )W + {tq-^- 2 )- l W + {tq-i)- 1 : 

- : C/(t)y-(tg fc+ 2 )W_(tg^ + 2 )- 1 W_(tg ^)- 1 : 

Proof. This follows from the OPE’s between X±(w) and S±(t) computed above. □ 

B.2.2. OPE’s between S(t) and X + {w). We record the OPE’s between S(t) and Jf + (tu). We have that 

S+(t)X+(w) = ^ Wq ^ ■■ S+(t)X+(w) : |w| < \t\ 

X+(w)S+{t ) = ^ ■■ S+(t)X+(w) : M > \t\ 

S+(t)X±(w) = q- 1 : S+{t)X+{w) : 

X+(w)S+(t) = q- 1 : S+(t)X+(w) : 

S-(t)X+(w) = q : S-(t)X+(w) : 

X+{w)S_(t) = q : S_(t)X+{w) : 

S-{t)X+(w) = ^ : S-(t)X+(w) : H < \t\ 

q(t - w) 

X+(w)S-{t) = ^ : S-(t)X+(w) : H > \t\. 

q(t - w) 


B.2.3. OPE’s between S(t) and 4>i{z). We compute OPE’s between S(t) and 4>\{z). We obtain 


S + {t)4>i(z) = t fc +2 


_^(^-V 2 ;<7“ 2fc - 4 ) 


(zt~ 1 q 2 \ q~ 2k ~ A ) 


: S+itffxiz) : \t\ > \zq 2 \,\zq 


— 2 I 


(tz~ 1 q~ 2k ~ 6 ; q~ 2k ~ 4 ) 


M z ) S +(t) = z ^ ( t l-i q -2k-2. q -2k-4) : S +(t)M z ) : 1*1 <N + \,\zq- 

( — 1 2. — 2fc—4\ 

S-{t)M z ) = T—\ 2 ’ : s -(t)M z ) '■ 1*1 > N“ 2 l\zq 2 \ 


2fc+6i 


(j)! {z)S_(t) = Z~T^ 


(zt~ 1 q 2 ; q~ 2k ~ A ) 
(tz~ 1 q~ 2k ~ 6 -, q~ 2k ~ A ) 
{tz~ 1 q~ 2k ~ 2 ;q~ 2k ~ A ) 


: S_(t)(/>i{z) : |*| < \zq ' +b |,|zq 


2 k -\-2 | 
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which we summarize as 


S a {t)Mz) =t~TX* 




(zt^q- 2 ; q~ 2k ~ 4 ‘) 

2fc—45 


(zt~ 1 q 2 ; q~ 2k ~ 4 ) 

( tz~ 1 q ~ 2k ~ 6 ; q~ 2k ~ 4 ) 
( tz~ 1 q~ 2k ~ 2 - q ~ 2k ~ 4 ) 


: S a {t)4>i{z) : 

■ S a {t)(t>i{z) : 


\t\>\zq\\zq- 2 \ 

\t\<\zq 2k +%\zq 2k+2 \. 


B.2.4. OPE’s between 4>j{z) and X b (w). Computing OPE’s, we obtain 
<t>i(z)X+(w) =: 0i (z)X+(w) : 

X+{w)<t> 1 ( 2 ) = (z)X+(w) : |w| > \zq k+ % \zq k \ 

w — zq K 

k~\~ 4 

<M2pC(u>) = : 0i(z)Xl(w) : H < \zq k+ % \zq k \ 

zqK+4 — q^w 

XZ{w)(t>i{z) = q~' 2 : XZ{w)(t>i(z) : . 


We conclude that 

k +4 

M z ) x b( w ) = g 2fc ~ 2 S q k+2b +2 ~ : : hi < h fe+4 l.h fc l 

= g 2fc w r. g iT+2 +2 fe : < Mh J5 hh) : hi > h fc+4 l, \ z q k \ 

and therefore that 

—2c fc+2 

( B - 2 ) [Mz)> x b Hh = X] (- 1 ) £ ^g 26 ^ , _ fc+2+26 : Mz)X b {w) 

ce±{r} y 

where in (B.2) the analytic continuation holds in the region |u>| < \zq k \, \zq k+4 \ for c = 1 and |tu| > 
\zq k \, \zq k+4 \ for c= -1. 


B.2.5. OPE’s between X±(z) and X± (w). Computing OPE’s, we obtain 

^ _ W_ 

x+hx+o) = g 1 _ 2 h : x+0)xth) : N > hi. hhl 

" z 

1 — O ^ — 

X+(*)Xj;(u,) = q : X+( 2 )Ahh) : M > hhl, h<7 _2 | 

» 2: 

1 | 2 tn 

X+(*)X+(u,) = g" 1 ~ 9 fc / : X+(*)X+M : N > H fc |, I V +2 | 

X+( 2 )XZ(wi) = g _1 : X+(z)XZ(u>) : 

and 

X±(*)X+(u>) = q- 1 : l!(z)I+(w) : 

1 _ W_ 

X+{z)X+{w) = q- 1 --^ : Xj»X±M 

1 - q 

X+(z)X^(w) = q : X+{z)X+(w) : 

^ k | 2 uj 

Xt(z)XZ(w) = q ~ q J : X±(*)XZ(iu) 

^ 2: 


hi > hl.hg 2 l 

hi >hg fe l.hg fe+2 l 
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and 


and 


X + (z)X+M = q 1 q k J -X + {z)X+(w) : 

y Z 

X+(z)X+(w) = q : X+(z)Xt(w) : 

^ _ W_ 

X+(z)X+(w) = q- 1 - 4h : X +( Z ) X +( W ) : 

^ Z 

1 — (P ~ 

X~{z)XZ{w) = g- 1 14 : X+{z)XZ{w) : 

^ 2: 


|2;|>|«;g- fc |,H- fc - 2 | 

kl > M>kg _2 | 

M > \wq 2 \,\wq~ 2 \ 


X_ (z)X+ ( w ) = g 1 : X_ ( 2 )^+ ( w ) ■ 

1 I'Z | 2 'to 

XZ{z)X±{w) = g- 1 ~_ g : AT («,) : kl > I V +2 |, I V| 

Xr(^)-A"+(it;) = q : XZ(^)X^(it;) : 

_ w_ 

XZ{z)XZ{w) = q 4 h : -XT ( 2 )*! (w) : kl > M> M~ 2 |. 

^ Z 


B.2.6. OPE’s between U(t), W±(t), and <j>i(z). We record OPE’s between the constituents [/(£) and W±(t) 
of 5(£) and <j>i(z). We have that 


/z „-2. n -2k-4\ 

,q ) 


U(t)Mz) =t fc+2 (Z n 2. n -2k-i\ : U(t)<t>i(z) : \t\>\zq\,\zq 

v t Q ’ ^ 

1_ |gf^+4 


— 2| 


W + (£)</>! k) = g~ 


1- fgi fc + 2 


:W + (£)0 1 k): |£|>kgi fc+2 |,| 2 gi fc+4 | 


W_ (£)</>i {z) = q : W-(t)(j)i(z) : . 

B.3. Trace of the degree 0 part. In this section we compute the action of the intertwiner in the degree 
0 part of Fock space. 


2( .V+l) -U+S 11-B -1 

* Z n Wn 


Proposition B.2. The trace in the degree 0 part of Fock space is 

Tr\r 0 3 (lKw 0 ){(z 0 )Sa(t) : c/> 1 (z)X b ~ (w) : q 2X ?+ 2 ^ = q (^+b-a)e+(a+b)n+a z ^ t - 

Proof. Because the degree 0 part of Fock space has dimension 1, the trace is given by the action of the degree 
zero part of the intertwiner on the highest weight vector, which is given by 

Vn,e q 2Xs Vfi, s 1 —^ q 2Xs q bs q b ^z^v„ +hs ^ q^q^q^z^t- 3 ^q a ^ +1 )q- a v^ s 

^ q 2Xs q bs q b ^Z^t- q An+Dq ~ as f ja> ,_| 

^ q 2Xs q bs q b^ z ^ t -^^ q a^+l) q -a, z -^+s w ^-B-l v ^^ 

yielding the result after simplification. □ 

B.4. One loop correlation functions. In this section we compute the one loop correlation functions 


Tpq :=(g- 2 -;g - 2 -) 3 H Tr|^ 


*®Fa, s.m®Fa 


m> 1 


(p{z)Q{w)q^ d 


for each pair of the vertex operators which appear in 

Tr k>° (v(™o)£(zo)S a (t) : Mz)X b {w) : g 2Ap+2wd ). 

We use a general computation of traces in Heisenberg algebras. Consider the algebra 

A = (a_, a+ | [a+,a_] = 1). 

Let T be the Fock space for A with highest weight vector Vp. 
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Lemma B.3. If e z < 1, the operator : T T defined by 


N 


v>=n exp(.Tja_) exp (yia+) ■ exp (zct-a+) 


has trace 


Tr| jrty) = 


1 — e ; 


■ exp 


E 

i>j 


XiVj 

1 - e 2 


E 

i<j 


e^Xjyj 

1 - e 2 


Proof. Let X = 22, x i and ^ = 22,Vi- Recalling that for operators A and B with [A 1 B] central we have 
e A e B = e B e A e^ A ' B \ we obtain 

if = exp(Fo: + ) exp(Xa_) exp(^a_a + ) exp (-E 


i<j 


Applying [KT99, Equation B.9] to compute Tr|jr(^>), we obtain 


Tr\= - d 2 Ae-I A ' 2 ^ 


(a + xy 


, VjT, exp 


n,m> 0 


(-£ 


- > Xiyj 
i<j 


(e z X + Y) r 


-a^vjr 


= Lp-T.iKjXiVj p XY 


= —e 
7r 


J exp ^(e z — l)a 2 + (Y + Xe z )aj da ■ J exp ^(e z — 1)6 2 + i(Xe z — Y)b ^ 


db 


1 


1 - e : 

1 

1 — e ; 


■ exp 


■ exp 


(S-S 


'iVi 


i<j 


_Xiyj_ sy eZx iyj \ 

V A/ i — e 2 El - e 2 / 


i>j i<j 

using the fact that f e~ ax +bx dx = for a > 0. 

Corollary B.4. If e zc < 1, if [/3+,/3_] = c, then 

Tr|jr (n exp(a:j/3_)exp(y l /3 + ) • exp(>/3_/3 + )) = — yyr. exp ( J2 


□ 


ViVj 


i>j 


1 - e 2 


E 

i<j 


ViVjt 


1 - e 2 


Proof. The conclusion follows by taking a± = E in Lemma B.3. 

V c 


□ 


We may now compute each Tpq by applying Corollary B.4 on the Fock spaces for the Heisenberg algebra 
generated by *_ m and for m > 0 and * £ {a, a, /?} and multiplying the results. We state the results and 
the domains on which the relevant one loop correlation functions converge. These are also recorded in Table 
1. We first record Tpp for each choice of P. We have 

Tnn = Tft = {q~ 2u ;q~ 2u ) 

(q~ 2u+2 q~ 2K -, q~ 2uj , q~ 2K )(q~ 2ul ■ q~ 2ul ) 


rn v* 1 ,<? >Q 

T SaS a = 


TAa = 


^q—2oj—2q—2n. q—2uj q—2K, s j^q—2uj—2. q—2u^ 

q~ 2K ,q- 


{ q ~ 2u,+2 -, q ~ 2K ,q~ 2ul ) 

( q ~ 2u ~ 2 ; <7 _2k , q~ 2u ) 


rp _^- 2ul ;q- 2u] ) 

v-w ( r 


We now record T v q for Q different from q. We have 

-l 


Tni — do 


(E<r 2 E 

Vffln / 


KW 0 

t 


[w 0 q “| < |z 0 | < ko| 


T v s a =d 0 (—q- a -,q~ 2u ) \w 0 q- 2ul \ < \tq~ a \ < |w 0 | 

\w 0 ) 

Tricf, = 1 

T vX - = e Q (—q b{k+1) ;q- 2 “) \w 0 q~ 2ul \ < \wq^ b \ < K|. 

' <> \Wn / 
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For any P ^ rj, we have that T^p(zq) = T^^zo), where we mean that iuq is replaced by Zq and the region 
of convergence has the same constraints. The other one loop correlation functions are given by 


T, 


T = o T,-2„ - 2 . /o(|g 2 ;g- 2K )go(f9- 2 ;g- 2uj ) 
Sa4> A z' q ,q } 9o^q- 2 -,q- 2K )eo^q 2 ;q-^) 

f 8o(fq k ;q- 2 “) 

_ J Mf9 t+2 ;r 2 “) 

SaX- - S 0o(fq- k -, q - 2 “) 


\tq-^ q -^ q \\tq-^q-^q- 2 \ < \z\ < \tq\\tq 


\tq- k q- 2 “\,\tq- k - 2 q- 2ul \ < |w| < \tq~ k \, \tq~ k ~ 2 \ 
\tq k q- 2 %\tq k+2 q- 2u \ < M < \tq k \, \tq k+2 \ 


T, 


SaX 


- = 1 


a = 1 
a = — 1 


rp I (^q k+4 q~ 2uJ ;q~ 2 

- ) (1 q- k - 4 q- 2 “;q- 


(f q~ k q~ 


\zq k q~ 2w \, \zq k+4 q~ 2w \ < M b= 1 


I zq ' q 

|w| < \zq k q 2u \,\zq K 


b = -1 
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